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Abstract
Recently, therehasbeenconsiderableinterestin therepresentationof radiancein termsof waveletbasisfunctions.
Wewill presenta coordinatesystemcalledNusseltcoordinateswhich,whencombinedwith wavelets,considerably
simpli�escomputationof radiativetransportandsurfaceinteraction.It alsoprovidesstraightforward computation
of thephysicalquantitiesinvolved.
Weshowhowto constructa discreterepresentationof theradiativetransportoperator

�

involvinginnerproducts
of smoothingfunctions,discussthe possiblenumericalintegration techniques,and presentan application.We
alsoshowhowsurfaceinteractioncanberepresentedasa kind of matrixproductof thewaveletprojectionsof an
incidentradianceanda bidirectionalre�ectancedistribution function(BRDF).

1. Intr oduction

In computergraphics,weuseillumination,thestudyof how
light interactswith matterto producevisible scenes,to pro-
duce “realistic” images.Illumination is typically decom-
posedinto two sub-areas:localandglobal.

Local illuminationdescribestheinteractionof light with a
single,smallvolumeor surfaceelementwith given incident
andviewing directions.Figure1 shows thetypicalgeometry
andnomenclaturefor local illuminationstudies.

Global illumination describeshow light is distributed in
a scene: a collection of objects, including light sources,
immersedin a given medium. Global illumination solu-
tions must considermultiple re�ections. Global illumina-
tion solutionsarebuilt ontopof local illuminationsolutions.
Fournier7 describestheir interrelationfurther.

In thispaper, wewill advanceanew approachtoanillumi-
nationsolutionthatis intermediatebetweenlocalandglobal
illumination. Using wavelets,we areableto treatthe inter-

actionbetweentwo surfacesandtheinteractionof a surface
with a radiation�eld in a source-to-destinationmodel that
appliesto wholesurfaces,not just smallelements.We have
usedthis work as the basisof a fully global solution (see
Lewis16).

Waveletsare relatively recentadditionsto the rendering
toolkit. They were �rst usedby Gortler et al.11 to solve
the radiosity equations.Schröderet al.19 and Christensen
et al.2 appliedthemto non-diffusesituations.Lalondeand
Fournier14 appliedthemto therepresentationof re�ectance
data.Whatwe presentheremaybeconsidereda furtherde-
velopmentof work doneby theseresearchers.

2. Radiative Transfer and SurfaceInteraction Theory

Let us �rst discusssomeof the basicsof how light is rep-
resented.Thefundamentalquantityis radiance, theamount
of power passingin a given direction througha given sur-
faceper unit area(perpendicularto the directionof travel)
per unit solid angle. In this report, we will take radiance
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Figure1: Local IlluminationGeometry

to be monochromaticandassumewe canconstructa poly-
chromatic imagesby combining independentlycomputed
monochromaticimages.Wealsoignorepolarization.

Radianceat a point P in a direction S is usually repre-
sentedby a functionL � P � S� .

Radiance's most useful property is its invariance:In a
non-participatingmedium,the radiancegiven off at a point
Po onasurfacein adirectionS is constantuntil reachingan-
othersurface.Wecanexpressthisastheactionof atransport
operator

�

:

L � P � S���

�

L � L � Po � P � S��� S�

This principleunderliesraytracing.

We take the fundamentalequationdescribingsurfacein-
teractionto be(cf. Glassner9, p. 879or CohenandWallace4,
p. 39):

L � V ��� Le � V �

�	�

WR
N

fr � S
�� V � Li � S
���








N � S
�








dwi

�
�

WT
N

ft � S��� V � Li � S����








N � S��








dwi (1)

whereL is thetotal radiancegivenoff of a surfacewith nor-
mal N, Le is the surfaceemissivity, Li is the incident radi-
ance,WR

N is there�ection hemisphere(containsN, the“view-
ing” direction V, and the “positive source”direction S




),
WT

N is thetransmissionhemisphere(oppositeWR
N, containing

the “negative source”directionS
�

), fr is the bidirectional
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Figure 2: NusseltGeometry. “UDC” indicatesthe unit di-
rectionalcircle.

re�ectancedistribution function(BRDF),and ft is thebidi-
rectionaltransmittancedistribution function (BTDF). Note
that, sinceit symbolically factorsout of (1), we ignorethe
spatialvariationof theradiancesanddistribution functions.

We representthis combinedre�ection and transmission
surfaceinteractionby theintegral operator� .

Lr � Le
�

� Li

Notethatwe treattheemissivity termseparately.

3. Radiancein NusseltCoordinates

If we con�ne our discussionto surfaces,we canassumea
planar(possiblylocal) parameterizationfor P of � u � v� . S is
thentypically representedin polarandazimuthalcoordinates

� q � f � accordingto thelocal frameof reference.

Considerthe x, y, andz directioncosinescorresponding
to a direction � q � f � :

µx � sinq cosf µy � sinq sinf µz � cosq (2)

We take � µx � µy � to beanalternative parameterizationof di-
rection.

It is convenientin what follows for all variablesto vary
betweenthe extremaof 0 and 1, so let us make a further
changeof thedirectionalvariablesfrom � µx � µy � to � k � l � :

k �

µx
�

1
2

l �

µy
�

1
2

(3)

Figure 2 shows the relation between � q � f � and � k � l �

graphically. It alsoshows the unit directional circle (here-
after, UDC), de�ned by µ2

x
�

µ2
y � 1.

To convert integrationover � q � f � to integrationover � k � l �

we accountfor thechangeof integrationvariablesby multi-
plying by thedeterminantof theJacobian,which is:













¶ � q � f �

¶ � k � l �













�

4
cosqsinq

(4)

c
�

TheEurographicsAssociationandBlackwell Publishers2002.



Lewis andFournier / WaveletRadiativeTransfer

so,assumingLi is zerofor directionsoutsidetheUDC, (1)
becomes

L � Le
�

4 �

1

0

�

1

0 �

fr � S
�� V � Li � S
��

�

ft � S� � V � Li � S� ��� dki dl i (5)

That the integral no longercontainstrigonometricfunc-
tions shouldcomeas no surprise.We have simply useda
differentialform of the“Nusseltanalog”(Nusselt18, but see
CohenandWallace4, p. 80 for a descriptionin English):the
amountof powerperunit areatransferredfrom adifferential
solidangledwi is proportionalto dk i dl i , theareaof thesur-
facethattheprojectionof dwi onaunit spheresubtends.For
this reason,we referto k andl as“Nusseltcoordinates”.

We alsonotethat,sinceµ2
x

�

µ2
y

�

µ2
z � 1 andsinceeach

vectoris de�ned only over a hemisphere,not thewholedi-
rectionalsphere,we canexpressS




, S
�

, andV all unam-
biguouslyin termsof their respective incidentandre�ected
k's andl 's. Simply put, it is alwaysclearwhich sign to at-
tachto thesquareroot.

Otherwaysto parameterizethedirectionalcomponentof
aradiancedistributionarepossible.Light �elds (asin Levoy
and Hanrahan15) and lumigraphs(as in Gortler et al.10),
arevery promisingapproachesfor displaypurposes.Chris-
tensenet al.3 usea combinationof a gnomonicprojection
and“stretch” to mapdirectionsto the unit square.Noneof
theseapproaches,however, leadsto thesimpli�cation of sur-
faceinteractionthat(5) demonstrates.

4. RadianceRepresentation

What arethecharacteristicsof a four-dimensionalradiance
distribution L � x � y� k � l � ? The easiestway to visualize this
is as “light through a window” where the position of an
observer on a window is � x � y� and he or shecastsa ray
in direction � k � l � . For a �x ed direction,the resultingtwo-
dimensionalprojectionis a parallelprojection.(Thespecial
case � k � l � � �

1
2 �

1
2 � is an orthographicprojection.)For a

�x edposition,thedistribution in � k � l � wouldbea“�sheye”
view. In both cases,the result is an image,so we candeal
with thoseradiancedistributionsaswe dealwith images.

Radianceatapointonasurfaceis apotentiallydiscontin-
uous,generallynonanalyticfunction.Wecanapproximateit
with a �nite elementexpansionwith Nf degreesof freedom:

L � x � y� k � l ���

Nf

å
j � 1

b jB j � x � y� k � l �

Choicesfor thebasisfunctionsB j includebox discretiza-
tion (à la Fournieret al.'s8 FIAT), Fourier, discretecosine,
orthogonalpolynomials,andwavelets.We are particularly
interestedin waveletsbecause,unlike theotherbaseslisted,

theirbasisfunctionsareof limited supportandthey canrep-
resentdiscontinuitiescompactly. They are also capableof
considerablecompression.

5. Multidimensional Wavelets

In this section,we will describemultidimensionalwavelets
with theintentionof applyingthemto radiativetransportand
surfaceinteraction.

For D-dimensionalcoordinates

q � � q1 � q2 ������� � qD � �

we cande�ne a setof multidimensionalwaveletbasisfunc-
tionsindexedby a standard multiresolutionindex

j � � n j
� l j

1 � mj
1 � l j

2 � mj
2 ������� � l j

D � mj
D � (6)

wheren j , which we call the “basis selector”,determines
thecombinationof onedimensionalsmoothingandwavelet
functions:

Bj �

q �	�


�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�


f
l j
1mj

1
�

q1 � f
l j
2mj

2
�

q2 ������� f
l j
Dmj

D
�

qD � n j
� 0

y
l j
1mj

1
�

q1 � f
l j
2mj

2
�

q2 ������� f
l j
Dmj

D
�

qD � n j
� 1

f
l j
1mj

1
�

q1 � y
l j
2mj

2
�

q2 ������� f
l j
Dmj

D
�

qD � n j
� 2

...
y

l j
1mj

1
�

q1 � y
l j
2mj

2
�

q2 ������� y
l j
Dmj

D
�

qD � n j
� 2D � 1

(7)

We referto thespecialcaseof n j
� 0 asthe“pure smooth-

ing” component,asthecorrespondingbasisfunctionis made
upof only smoothingfunctions.

We de�ne the inner product of two functions f and g
with respectto x. (Usingx asa subscriptis non-traditional,
but will becomeusefulwhenwe speakof multidimensional
wavelets.) �

f � g� x �

�


��

���

f � x� g � x� dx

If we have j asin (6) andde�ne k as

k � � nk
� lk1 � mk

1 � lk2 � mk
2 ������� � lkD � mk

D � (8)

then �

B̃j � Bk � q � dn j nk

D

Õ
d � 1

dl j
d lk

d
dmj

dmk
d

B̃j is identical to Bj as de�ned in (7), but with the primal
waveletsandsmoothingfunctionsreplacedby their duals.

Thisis the“standard”multidimensionalCartesianproduct
basis.It is alsopossibleto constrainl j

1 � l j
2 ������� � l j

D �

l j ,
resulting in the so-called“nonstandard”basis.In general
multidimensional(especiallyimage-oriented)applications,
ascitedin Daubechies5 andin Schröderetal.19, thenonstan-
dardbasesarepreferredbecauseof their “square”support.
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In this paper, we areconsidering4-dimensional,nonstan-
dard basisfunctions,so let us enumeratethe coordinates
with the4-vector

q � � u � v� k � l �

andthe basisfunctionswith a nonstandard multiresolution
index

j � � n � l � mu � mv � mk � ml � � (9)

Using the standardwavelet recurrencerelations (see
Daubechies5) and(7), all thebasisfunctionsat level l of the
pyramidcanbewritten in termsof then � 0 basisfunctions
at level l

�

1:

Bnlm �

q � � (10)

4


�

�

�

�

�

�

�

�

�

�

�

�

�

�

�



å m
� hm

�

u
hm

�

v
hm

�

k
hm

�

l
B0

�

l � 1�

�

2m � m
�

�

�

q � n � 0

å m
� gm

�

u
hm

�

v
hm

�

k
hm

�

l
B0

�

l � 1�

�

2m � m
�

�

�

q � n � 1

å m
� hm

�

u
gm

�

v
hm

�

k
hm

�

l
B0

�

l � 1�

�

2m � m
�

�

�

q � n � 2

...
å m

� gm
�

u
gm

�

v
gm

�

k
gm

�

l
B0

�

l � 1�

�

2m � m
�

�

�

q � n � 15

wherem �

�

� m�u � m�v � m�k � m�l � .

Sofor any function f ,�

f � Bnlm � q � å
m

�

Wnm
��� f � B0 � l




1	
� 2m



m
�

	��

q

whereWnm
� is (4 times)aproductof smoothingandwavelet

coef�cients.

6. Wavelet RadianceProperties

Apart from compression,representingradiancein termsof
a wavelet basiswith directionexpressedin Nusseltcoordi-
natesmakes several calculationsof relevanceto illumina-
tion computationeasier. Noticethat theseall actdirectly on
waveletcoef�cients themselvesanddonotrequireaninverse
wavelettransform.

6.1. Irradiance

Irradianceis computedas

E � x � y� �

�

WR
N

Li � x � y� q � f � � N � S� dwi �

Againmakinguseof (4), we have

E � x � y� � 4 �

1

0

�

1

0
Li � x � y� k � l � dki dl i �

The limits of both integrationsare0 and1, but if Li is zero
outsidethe UDC (seeFigure2), we can safely extend the
integrationlimits to 
�� and

�

� .

Thisallows usto saythatif

Li � x � y� k � l ��� å
j

bj Bj � x � y� k � l � (11)

then

E � x � y� � 4å
j

bj

�

Bj � 1
� k � l (12)

is thewaveletrepresentationof theirradiance.

Theinnerproductson theright handsideareusuallyeasy
to computein tabular form, if not analytically, makingpar-
ticular use of the fact that � 
��

���

y � x� dx � 0 to eliminate
many coef�cients.

6.2. Power Flux

Thepower �ux passingthroughanareaA is de�ned as

F �

�

A

�

WR
N

Li � x � y� q � f � � N � S� dwidA

�

�

A
E � x � y� dA (13)

If we have a spatialparameterization� u � v���	� x � y� that
mapstheunit squareto A andback,thenwe have

F �

�

1

0

�

1

0
E � x � u � v� � y � u � v� �













¶ � x � y�

¶ � u � v�













dudv�

If, asabove,wetakeE � x � y� � 0 for � x � y� outsideof A andif
weextend(11) to includethisparameterization:

Li � x � y� k � l ��� å
j

bj Bj � u � x � y� � v � x � y� � k � l ���

thenwe canincorporate(12) to get thewavelet representa-
tion of �ux:

F � 4å
j

bj �

Bj �













¶ � x � y�

¶ � u � v�











��

q
� (14)

6.3. Transport

Werepresentradianceas

L � q � � å
k

bkBk � q � (15)

where

bk �

�

L � B̃k � q (16)

andk is de�ned asin (8).

Radiancetravels from a sourcepoint qs to a destination
pointqd. If wehaveamappingof qs �

qd, wecancompute

Ld � qd � � å
k

bd
kBk � qd �

where

bd
k �

�

Ls � qs � � � � � B̃k � qd

� å
j

bs
j Tjk � (17)

c
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j is de�ned as in (6), and we de�ne geometry-dependent
“transportcoef�cients”

Tjk
�

�

Bj � qs � � � � � B̃k � qd
� (18)

Using the multidimensionalre�nement shown in (10),
given T

� 0l jm j 	 k on level l j , we cancomputeall coef�cients
on thecoarserlevel above it in thepyramid:

T
� n j � l j

�

1	 m j 	 k � å
m

�

Wn j m
� T0l j � 2m j




m
�

	 k (19)

andgivenTj � 0lkmk 	

on level lk, we cancompute

Tj � nk � lk
�

1	 mk 	

� å
m

� �

Wnkm
� � Tj � 0lk � 2mk




m
� �

	 	

(20)

wherem j � � mj
u � mj

v � mj
k � mj

l � and mk � � mk
u � mk

v � mk
k � mk

l � .
This meansthat we can computeall transportcoef�cients
strictly in termsof puresmoothingcomponents:

Tjk � å
m

�

å
m

� �

Wn j m
� Wnkm

� � T
� 0l j � 2m j




m
�

	 	 � 0lk � 2mk



m
� �

	 	

(21)

6.4. SurfaceInteraction

Using (7), let us de�ne a mixed primal-dual, four-
dimensional,nonstandardwaveletbasis:

Fj �

ks � l s � kr � l r � �


�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�



f̃ l j mi
k

�

ks � f̃ l j mi
l

�

l s � f
l j mj

k
�

kr � f
l jmj

l
�

l r � n j
� 0

ỹ l j mi
k

�

ks � f̃ l j mi
l

�

l s � f
l j mj

k
�

kr � f
l j mj

l
�

l r � n j
� 1

f̃ l j mi
k �

ks � ỹ l j mi
l

�

l s � f
l j mj

k
�

kr � f
l j mj

l
�

l r � n j
� 2

...
ỹ l j mi

k
�

ks � ỹ l j mi
l

�

l s � y
l j mj

k
�

kr � y
l j mj

l
�

l r � n j
� 15

where

j � � n j � l j � mi
k � mi

l � mj
k � mj

l �

So Fj � ks � l s � kr � l r � is Bj � ks � l s � kr � l r � with dual scaling
functions and wavelets substitutedfor the primal scaling
functionsand wavelets in the incident directionalcompo-
nentsonly.

If wethenrepresenttheBRDFin Nusseltcoordinateswith
this basis:

fr � ks � l s � kr � l r � � å
j

f r
j Fj � ks � l s � kr � l r �

and

Li � x � y� ks � l s� � å
k

bkBk � x � y� ks � l s �

where

k � � nk � lk � mk
u � mk

v � mk
k � mk

l �

then, applying (5) and again requiring either fr or Li (or

both)to vanishoutsidetheUDC (thusallowing usto extend
our integrationto � 
�� � � � � ), there�ectedradianceis

Lr � 4 �

1

0

�

1

0
fr � S
 � V � Li � S
 � dksdl s

� 4å
j
å
k

f r
j bk

�

Fj � Bk � ks � l s
(22)

We seeka wavelet representationof the post-interaction
radiance:

Lr � å
n

br
nBn � x � y� kr � l r �

Againusingthebasisrepresentationof there�ectedradiance
asin (15)and(16), it follows that

br
n �

�

Lr � B̃n
� x � y� kr � l r

So,substituting(22),we �nd

br
n � 4å

j
å
k

f r
j bk

�

�

Fj � Bk � ks � l s
� B̃n

�

x � y� kr � l r

(23)

Let us now simplify notation.We canrewrite Fj andBk

compactlyby de�ning a function xb
lm � x� that takes on the

value of the smoothingfunction or the wavelet depending
ona singlebinaryvalueb:

xb
lm � x� �

�

f lm � x� b � 0
y lm � x� b � 1

andsimilarly for a x̃ with f̃ andỹ in placeof f andy , re-
spectively.

We also take indexable (from 0 to 3) representationsof
theargumentsto Fj andBk , respectively

p � � ks � l s � kr � l r �

and

q � � u � v� ks � l s � �

If we now adoptthenotationwherei � a �

refersto theath

bit of thebinaryform of i (i.e. i2
�

a mod2), we canexpress
theinnermostinnerproductof (23)as

�

Fj � Bk � ks � l s
� (24)

�

1

0

�

1

0 �

1

Õ
a � 0

x̃
n j�

a �

l j mj
a

� pa � x
nk�

a �

lkmk
a

� qa �

3

Õ
a � 2

x
n j�

a �

l j mj
a

� pa � x
nk�

a �

lkmk
a

� qa �	� dksdl s

andremoving factorsthatdo not dependon thevariablesof
integrationfrom theintegral,we have

�

Fj � Bk � ks � l s
�

�

x̃
n j�

0 �

l j mj
0

� x
nk�

2 �

lkmk
2

�

ks

�

x̃
n j�

1 �

l j mj
1

� x
nk�

3 �

lkmk
3

�

l s

c
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x
nk�

0 �

lkmk
0

� x� x
nk�

1 �

lkmk
1

� y� x
n j�

2 �

l jmj
2

� kr � x
n j�

3 �

l j mj
3

� l r � (25)

If we now de�ne a multiresolutiondeltatensor

Dst
jk �

�

x̃
n j

�

s �

l j mj
s

� x
nk�

t �

lkmk
t

�

we canrewrite (25)as�

Fj � Bk � ks � l s
� (26)

D02
jk D13

jk x
nk�

0 �

lkmk
0

� x� x
nk�

1 �

lkmk
1

� y� x
n j�

2 �

l jmj
2

� kr � x
n j�

3 �

l j mj
3

� l r �

andwe cancontinueto apply theD symbolto simplify the
wholenestedinnerproductin (23)

�

�

Fj � Bk � ks � l s
� B̃n

�

x � y� kr � l r

�

D02
jk D13

jk D00
kn D11

kn D22
jn D33

jn � (27)

The D's are very much dependentupon our choice of
wavelet, so we will defer discussingtheir computationto
Section7.

We cando thesamething with a BTDF andsorepresent
generalsurfaceinteractions:re�ection, refraction,andtrans-
mission.

7. Implementation

In this section,we discussthe implementationof the WRT
algorithm (hereafter, “WRT”). We apply someof the con-
ceptsof Section6 to a classic illumination problem: the
transportof radiationbetweentwo arbitrarily-orientedpoly-
gons.

7.1. Major Implementation Details

In this subsection,we will discussdesigndecisionsthatare
of generalconcernto anyoneattemptingto build aWRT sys-
tem.

7.1.1. RepresentingTransport Geometry

To establishtheqs � qd mappingweneedin orderto trans-
port radiancefrom sourceto destination,we mustdealwith
several coordinatesystems,as shown in Figure 3: source
parametric,sourceobject,world,destinationobject,anddes-
tination parametric.Obviously, sourceobjectto destination
objectis bestdonewith aconventionalaf�ne transform(with
projection),but there are several choicespossiblefor the
parametric� objectmappings:rectilinear, perspective, and
bilinear. All of theseare local to the sendingor receiving
surface.

7.1.1.1. Rectilinear Thisis thesimplestpossiblemapping:
�

x
y �

�

�

W 0
0 H �

�

u
v �

W andH arethe dimensionsof a boundingrectangle.If
the object is a rectangle,an obvious strategy is to choose
coordinatesin whichW is its width andH is its height.This
will ensurethat the(inverse)transformedobjectcompletely
�lls theunit square.Otherwise,or in themoregeneralcaseof
an arbitrarily-sidedpolygon,whencomputingTjk we must
clip the (square)supportof Bj (source)or Bk (destination)
againstthepolygonwhenintegrating.

A majoradvantageof therectilinearmappingis theease
of computationof theJacobiandeterminant:













¶ � x � y�

¶ � u � v�













� WH

which makes the power �ux computationshown in Equa-
tion (14) veryeasy:

F � 4WH å
j

bj

�

Bj � 1
� q �

especiallyin thecaseof Haarwavelets:

F � 4WHb0 �

7.1.1.2. Perspective This mappingallows us to represent
themoregeneralquadrilateralswithout theneedto clip:

��

xw
yw
w

��

�

��

A11 A12 A13
A21 A22 A23
A31 A32 1

���� �

u
v
1

��

where the Ai j 's are easily-determinedfunctions of the
quadrilateralvertices.

A straightline in perspective parametriccoordinatesau
�

bv
�

c � 0 transformsto a straightline a� x
�

b� y
�

c� in ob-
ject coordinates.This meansthat a quadrilateralin object
coordinateswill mapto a quadrilateralin parametriccoor-
dinatesandvice versa.This hasfavourableimplicationsfor
transportcoef�cient computationthatwewill discussbelow.

One drawback of a perspective mapping is that if the
quadrilateral approachesdegeneracy (a triangle, for in-
stance),theappearanceof auniformgrid in parametricspace
becomesincreasinglynonuniform.

The power �ux computationof Equation(14) is not as
easyasin the rectilinearcase,but may still be analytically
done for basis functions Bj with closed-formrepresenta-
tions,suchassplines.

7.1.1.3. Bilinear As with 2-D perspective, this mapping
alsoallows us to representquadrilateralswithout clipping.
If thequadrilateralis de�ned by four points � p0 � p1 � p2 � p3 �

(in CCW order),thecustomarybilinearmappingapplies:
�

x
y �

�
	 1 
 v v �

�

p0 p1
p3 p2 �

�

1 
 u
u �

c
�
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Figure3: CoordinateSystems.Thegrayquadrilaterals representthesupportof sourceanddestinationbases.

Unlike the perspective case,we can treat trianglesas de-
generatequadrilaterals,albeit with some irregular object
spacemeshing.However, this mappingis not without its
own drawbacks.While theparametric-to-objectmappingis
straightforward,theinverseobject-to-parametricmappingis,
in fact, doublevalued:a given � x � y� usuallyhastwo solu-
tions

�
u

�
v

�
, oneof theminsidethe unit rectangle,oneout-

side.In orderto distinguishthe two cases,we mustclip in
objectspacebeforeinversion.

A moreseriousdrawbackis thatstraightlinesarenot, in
general,preserved.The inverseprojectionof a straightline
ax � by � c

�
0 into parametricspaceis, in general,a hy-

perbola.This alsohasimplicationsfor transportcoef�cient
computation:it complicatesdeterminationof the limits of
integration.

Again, while the still more complicatedJacobianof
this transformmakesthe power �ux computationof Equa-
tion (14)moredif�cult, it maystill bedonefor choicesof Bj
with closed-formrepresentations,suchassplines.

7.1.2. Choiceof Wavelet

Exceptwherenoted,our discussionsin Section6 did not
dependon any particularchoiceof wavelet.For implemen-
tation purposes,we have to chooseone.Thereare several
goodreasonsfor choosingHaarwavelets.

Thefastwavelettransformcanbeperformedin O
�
N

�
time

(seeBeylkin /emetal.1), but if weallow for avaryingdimen-
sionality D andwavelet basis,it is easyto seefrom Equa-
tion (10) thatthecomplexity is actuallyO

�
WD

h N
�

whereWh
is the(varying)maximumwidth of the

�
h j

�

and
�
h̃ j

�

(and,
consequently, � g j

�

and � g̃ j
�

) coef�cient sets.

For this reason,as the dimensionality increases,the
rapidly-increasingoperationcount makes narrower �lters
moreandmoredesirable,even thoughwider �lters gener-
ally have betterapproximationproperties.SinceHaaris the

narrowestpossiblewavelet �lter (Wh �
2), it seemsa wise

strategy to makeany multidimensionalefforts�rst with Haar
andmove to widerbaseslaterif Haarprovesunsatisfactory.

An additionaladvantageof Haarwaveletsover the oth-
ers is the simpli�cation of the calculationof the transport
coef�cients, irradianceand power �ux. As Equations(19)
and (20) have shown, thesecoef�cients can be computed
entirely in terms of pure smoothingcalculations.A four-
dimensionalHaarpuresmoothingbasisis a function that is
constant( � 4l ) within a hypercubeandzerooutsideof it.
The resultingtransportcoef�cients arevolumeintegralsof
the overlapbetweensucha hypercubein destinationpara-
metricspaceandtheobjectwhich is aprojectionof ahyper-
cubein sourceparametricspaceinto the destinationspace.
(This may not besucha greatsimpli�cation. After all, any
arbitrarily complex 3-dimensionalintegral may be trivially
turnedinto a 4-dimensionalvolumeintegral!)

Theoverwhelmingadvantageof choosingHaarwavelets,
however, is thegreatsimpli�cation they make in computing
surfaceinteraction.Becausethe Haar functionsare piece-
wise constant,the individual integrals in the Dst

jk 's usedin
(27) becometrivial. Upon incorporatingthese(conceptu-
ally) assumsof weightedKronecker delta-functionsinto the
evaluationof (22), it is possibleto derive a very ef�cient al-
gorithmto computethesurfaceinteractioncoef�cients. See
Lewis16 for additionaldetails.

7.1.3. Problemswith Transport Coef�cient
Computation

As the precedingsubsectionsuggests,usingHaarwavelets
turnstransportcoef�cient computationinto volumeintegral
evaluation.Therearetwo practicalproblemsthatcomplicate
thecomputationof thatvolume.

7.1.3.1. SomeSourcePointsDo Not Project Into Destina-
tion Space Thesourcehypercubede�nes a rangeof posi-

c
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tionalanddirectionalcoordinatesqs. Not all of thesecoordi-
natesmaymapto pointsin thedestinationplane,muchless
the destinationquadrilateral.This complicatesany attempt
at directevaluationof thetransportintegrals.

7.1.3.2. The Projected Hypercube Has Curved Sides
Even if all pointsin thesourcehypercubemapto thedesti-
nationplane,thenatureof theresultingvolumeis not trivial.
Needlessto say, theprojectionof asourceparametrichyper-
cubeinto destinationparametricspaceis not a hypercube.
If, however, we could choosecoordinatesystemssuchthat
the sourcehypercubemappedto a polytopein destination
space,we couldtake advantageof computationalgeometric
techniquesto �rst clip it againstthe destinationhypercube
andthencomputethevolumeof theresultingpolytope.Un-
fortunately, thisisnotpossiblebecausethesourcehypercube
doesnotprojectto a polytope.

Consider the coordinate systems described in Sec-
tion 7.1.1.Evenif wechooserectilinearparametric� object
mappings,thesourceobjectto destinationobjecttransform
involvesa projection.Hence,at best,theqs �

qd mapping
hasa nonlineardependenceon thedirectionalcomponents.

As a result, the projectionof the sourcehypercubeinto
destinationparametricspacehascurvedsides.Furthermore,
thecurvatureis suchthatwe cannotguaranteethat thecon-
vex hull of thepolytopeformedby projectingthe16corners
of thesourcehypercubeinto destinationspacecontainsthe
hypervolume.We have not fully pursuedthe possibility of
an approximationof the projectedhypercubeby its convex
hull here.

7.1.4. Integration Techniques

For thesereasons,we must resortto multidimensionalnu-
merical integration schemes.Before consideringcandidate
techniques,we �rst make an observation aboutthe dimen-
sionalityrequiredfor numericalintegration.

7.1.4.1. Reducing the Dimensionality As Equation(18)
indicates,the computationof transportcoef�cients is in-
trinsically four-dimensional:two directional integrals and
two positionalintegrals.If we take the two outermostinte-
gralsover directionandrestrictour discussionto pureHaar
smoothingcomponents(n j � nk � 0, asEquation(21) per-
mits), it is thenevidentthat

Tjk � 4l j



lk � �

Sk

Gj � kd � l d � Ajk � kd � l d � dkd dl d

Sk is the(square)directionalsupportof B̃k . Gj � kd � l d � is a
geometricfunction which is equalto oneif a ray from the
destinationplaneprojectedbackwardsalongthe � kd � l d � di-
rectionreachesthe sourceplaneandfalls within the direc-
tional supportof Bj . Otherwise,it is zero.Ajk � kd � l d � is the
areaof the intersectionof the spatialsupportof Bk in des-
tination parametricspacewith the projection(in the kd � l d

direction)to destinationparametricspaceof thespatialsup-
portof Bj .

We arenow in a positionto evaluatethecoordinatemap-
pings given in Section7.1.1 to seewhich of them makes
Ajk � kd � l d � easyto compute.All the mappingstransform
lines of constantu or v to lines in objectspace,so any of
themwould work for thesourceparametricto sourceobject
mapping.Only rectilinearandperspective mappings,how-
ever, transformarbitrarylinesin objectspaceto linesin para-
metricspace.If wechooseeitherof themfor ourdestination
object to destinationparametricmappings,computationof
Ajk � kd � l d � amountsto clipping the projectedquadrilateral
to the spatialsupportof Bk using a conventionalpolygon
clipping algorithm and computingthe resultingarea.This
allows usto reducethedimensionalitythatwe needto inte-
gratenumericallyfrom four to two.

7.1.4.2. Numerical Quadratur e Regardlessof the num-
ber of dimensions,numericalintegrationtechniquesareall
basedon someform of quadrature:

� f � x � dx �

Nsamp

å
i � 1

wi f � xi �

whereNsamp is the numberof samples.Techniquesdiffer
principally in their choicesof weightswi andsamplepoints
xi . Zwillinger21 providesan extensive survey of these.The
oneswe have chosento evaluateare:

� trapezoidal: a regular grid approximating f linearly in
eachdimension

� Romberg: a multilevel (Richardson)extrapolation (in
termsof thegrid spacing)of trapezoidalresults

� Monte Carlo: xi 's chosenfrom a (possibly strati�ed)
pseudo-randomsequence(Glassner9, p. 310 is a good
overview of pseudo-andquasi-randomintegrationmeth-
odsin imagesynthesis.)

� Halton: similar to Monte Carlo,but usingquasi-random
numbersgeneratedaccordingto numbertheoreticalcon-
siderations

� Hammersley: analternative quasi-randommethod

While pseudo-randomandquasi-randomtechniquesare
generally preferred for multidimensionalquadrature,we
include trapezoidaland Romberg techniquesto explore
the two-dimensionalcase,where Monte Carlo has error
of order O � N �

1� 2
samp � (This is true regardlessof the di-

mensionality of the problem and is one of the appeals
of Monte Carlo integration.) and the trapezoidalrule has

error of order O � N �

3� 2
samp � . We must be careful to use

theseerror estimatescautiously, however, since our inte-
grand,G � kd � l d � Ajk � kd � l d � containsdiscontinuitiesthater-
ror analysesdo notaccountfor.

7.1.4.3. Comparison To evaluatetheaccuraciesof thevar-
iousmethods,wehave appliedthemto a testproblem:com-
puting the setof all Tjk for a given j andgeometry. To an-

c
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Figure4: RelativeEuclideanDistancevs.Timefor DifferentIntegration TechniquesandNumbers of Samples

alyze the resultswe can treat this set as a vector in a K-
dimensionalspace,whereK � 16lmax




1 andlmax is themax-
imum level we have coef�cients for. (I.e.,we have K values
of k.)

To compareresultsagainsta reference,we createa refer-
encevectorT ref

jk usinganextremelylong (25 CPU-minutes)
integrationtimeandthenadopttwo metrics.The�rst, which
we call the relativeEuclideandistance(hereafter, RED) is
theEuclideandistance(L2 norm)of Tjk from T ref

jk dividedby
themagnitudeof T ref

jk :

�

å k �

Tjk 
 Tref
jk �

2

�

å k �

T ref
jk �

2
�

Figure4 shows how theREDvarieswith integrationtime
andNsampfor thevarioustechniques.RatherthanNsamp, time
is the appropriateabscissahere. Since the time required
to evaluatethe integrandvarieswith dimensionality, fewer
samplesdo not necessarilyimply fastercomputation.Note
thatwe allow thedegreeof extrapolationfor Romberg inte-
grationto vary from linear to quadraticto cubic.Thetimes

shown arefor an IBM Model RS/6000POWERserver 560
workstation.

The secondmetric,which we call relativemaximumde-
parture (hereafter, RMD), is more conservative. It is the
maximum absolutedifferencebetweenTjk and T ref

jk (L
�

norm)dividedby themaximumabsolutevalueof T ref
jk :

maxk 








Tjk 
 Tref
jk 








maxk 








T ref
jk 








�

Figure5 shows how theRMD variesfor thesameparam-
etersasFigure4.

Fromtheseplots,we candraw severalconclusions:

� The two �gures are qualitatively similar: a methodthat
doeswell by onemetricgenerallydoeswell by theother.
Thisgivesussomecon�dencethatthesemetricsarevalid.

� Strati�cation improvesMonteCarlo results.(This comes
asno surprise.)

� The time requiredfor MonteCarlomethodsbeinglinear

in Nsamp, they all approximatetheexpectedO � N �

1� 2
samp � be-

haviour.
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� For a given integration time, the 4D trapezoidalmethod
doesgenerallyworsethantheothermethods.

� Increasingthedegreeof extrapolationfor Romberg (2D)
integration generallymakes mattersworse.This is pre-
sumablya resultof thediscontinuitiesin theintegrandwe
discussedabove.

� Quasi-randommethodsgive similar and comparatively
goodresults.This reinforcesthe�ndings of Keller13.

The mostsurprisingobservation, however, is how well the
straightforward2D trapezoidalrule does.For theRED met-
ric, it is comparablewith the best of the other methods,
quasi-random,and for the RMD metric it doesnoticeably
betterfor shortintegrationtimes.

7.2. Minor Implementation Details

In this subsection,we will discussdesigndecisionsparticu-
lar to our own WRT systemdesign.

This implementationtakesupapproximately30,000lines
of C code.Wethereforeemphasizethattheclassesandpseu-
docodewepresentherearein mostcasessimpli�ed for clar-
ity.

In whatfollows,asin our code,we have followedconsis-

tentandfairly obviousnamingconventionsthatwefeelhave
improvedreliability and�e xibility andallowedmany of the
bene�tsof object-orientedprogrammingwhiledevelopingin
a highly portableenvironment.(Indeed,thecodemovesbe-
tweenIBM AIX, SGI IRIX, andIntel (RedHat)Linux with
fewerthan50system-dependentlinesof code,mostlydueto
differingsystemheader�les.)

Theseconventionsareanadaptedform of whatareknown
as“Hungarian” conventions,partly in deferenceto the na-
tionality of their chief developer, CharlesSimonyi20. (See
McConnell17 for anadditionaldiscussionof Hungariannam-
ing, particularlyaspracticedat Microsoft.),

7.2.1. The WaveletIndexClass

Figure6 shows thewavelet index class(i.e., typedef ) we
have adoptedfor our implementation.The namesand se-
quenceof thecomponentsareconsistentwith Equation9.

For the time being, we have implementedall of these
�elds asshort (16bit) unsignedintegers.Thisallowsusto
go asfar aslevel wi.l = 16 without over�owing theoffsets.
Experiencesuggeststhatthemaximumlevel wewill usewill
be muchlessthan16. We could achieve a minor reduction
in memoryusageby usingunsigned char variablesfor

c
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typedef struct �

shor t int nu;
shor t int l;
shor t int m[4];

�

WaveletIndex;

Figure6: TheWaveletIndex Class

wi.nu (but not wi.l, sinceit needsto representlevels from 0
to themaximumlevel inclusively).

7.2.2. Storing Wavelet Coef�cients

Becausewavelet coef�cients arehierarchicalin nature,we
refer to the datastructureswe devise hereto storethemas
“waveletcoef�cient trees”(hereafter, “WCT”s).

Representinga WCT with a maximumlevel of resolution
lmax requires16lmax




1 possiblewaveletcoef�cients perchan-
nel.Clearly, compressionis calledfor. The(bi)orthogonality
of waveletspresentsanL2-optimalcompressionstrategy —
thresholdinglow-magnitudecoef�cients. In this case,the
datawas single-channeland single dimensional(i.e., each
waveletcoef�cient' ssupportwasunique),but theresultsare
independentof thewaveletdimensionality.

We not only want to guaranteea goodapproximationof
thedatawith thecompressedcoef�cients, but alsoef�cient
useof storageandfastreconstruction.

7.2.2.1. Hashing Coef�cients Given a sparse set of
wavelet radiancecoef�cients � bk �

, we needto storethem
in a way that facilitatesthe mappingof the wavelet index
k

�

bk neededto perform the transportoperationEqua-
tion (17). The obvious way to do this is with a hashtable.
Not knowing the setof destinationindices � k

�

in advance
prohibitsperfecthashing,soit is necessarythat thehashing
schemeallows for collisionsandthat thehashtableentries
containk aswell asbk values.

7.2.2.2. Multichannel Grouping As we mentioned in
Section2, we have beentreatingdatamonochromatically
throughoutthis paper. In practical applications,however,
we must evaluate Equation (17) for all three (or how-
ever many) channels.Having assumeda non-participating
medium,thetransportcoef�cients Tjk areachromatic.Eval-
uationof Equation(17) simply meansmultiplying eachel-
ementof a (now) 3-vectorbs

j by the samevalueof Tjk and

accumulatingtheresultin another3-vectorbd
k .

In the absenceof the needfor compression,it would be
convenientto groupall channelsof bs

j into a singlegroup,
ratherthan createa separaterepresentationfor eachchan-
nel. In thepresenceof compression,however, eachchannel
hasits own threshold.If onecomponentis above its thresh-
old but theothertwo arebelow theirs,saving the latter is a

typedef struct �

int iWnOfHash[int mxnIWnOfHash];
struct WaveletNode �

WaveletIndex wi;
unsigned shor t mskChild;
unsigned shor t mskNu;
int iWclFirst;

�

wnBase[int nWn];
struct WaveletCoef�cientList �

�oat b[3]; 10

int iWclNext;
�

wclBase[int nWcl];
doub le umrad;

�

WaveletCoef�cientTree;

Figure7: TheWaveletCoef�cientTreeclass

wasteof storage.This would bemitigated,however, if there
wereahighdegreeof correlationbetweenthemagnitudesof
thecoef�cients. Certainly, a waveletrepresentationof white
light givenoff by a luminairedisplaysa high degreeof cor-
relation.Whenthis light is re�ectedoff a surfaceof varying
spectralre�ectivity, however, thatcorrelationwill bedimin-
ished.By how muchdependson thenatureof thesurface.

Wehave two choiceshere:to groupor not to groupmulti-
channeldata.For thetimebeing,wehavechosentheformer
— believing thatthereis suf�cient correlationandadvantage
in retrieval speedin mostsituationsto justify grouping.This
de�nitely requiresfurtherstudy.

7.2.2.3. Hashing Nodes Instead of Coef�cients In one
dimension,a node in the wavelet pyramid containsa sin-
gle waveletcoef�cient. In four dimensions,sucha nodehas
one pure wavelet (n � 15) coef�cient and fourteenmixed
wavelet/smoothing(n � � 1 ����� 14

�

) coef�cients. (Recallthat
thepuresmoothing(n � 0) coef�cient maybereconstructed
from thenode'sancestors,if any, andonly needsto bekeptat
therootnode.)All coef�cients atagivennodecorrespondto
basisfunctionswith thesame(Haar)or similar (otherbases)
support.

We might thereforeexpectto �nd a higherdegreeof cor-
relationin magnitudebetweencoef�cients thatbelongto the
samenodeandcoef�cients that do not. This suggeststhat
we canreducetheindex storageoverheadby hashingentire
nodesratherthanindividual coef�cients.

7.2.2.4. TheWaveletCoef�cientT reeClass Figure7 shows
thefundamentalstructurewe useto representwaveletcoef-
�cients: WaveletCoef�cientTree(hereafter, WCT). Notethat
thecodein the�gure is not legalC code:Wehavecombined
severalsubsidiaryclassesandmovedsomecomponentde�-
nitionsaroundto indicatedynamically-sizedstructures.

Givena WCT wct, wct.iWnOfHash[]is thehashtableit-
self. It is indexedby thehashof a (puresmoothing)wavelet
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typedef struct �

Transform3d tf3dSobjWld;
Transform3d tf3dDobjWld;
Transform3d tf3dSobjDobj;
Transform3d tf3dR;
Polygon � pgnSobj;
Transform2d tf2dSparToSobj;
Transform2d tf2dSobjToSpar;
Polygon � pgnDobj;
Transform2d tf2dDparToDobj; 10

Transform2d tf2dDobjToDpar;
�

TransportGeometry;

Figure8: TheTransportGeometryClass

index. Its entriesareindicesinto wct.wnBase[], thearrayof
wavelet nodes.Note that the useof integer indicesrather
thanpointersallows thedynamicresizingof wct.wnBase[].

Eachnodecontainsthecorrespondingwaveletindex. This
is not only usefulfor hashcollision detection,but by index-
ing wct.wnBase[], wecantraverseall nonzeroentriesin wct
directly. wct.wnBase[i].mskChildis a 16-bit maskindicat-
ing which of nodei's 16 children are also presentin wct.
wct.wnBase[i].mskNuis a 16-bit maskindicatingwhich ba-
sisselectorsarepresentin wct for nodei.

The arraywct.wnBase[i].wclBase[]containsall wavelet
coef�cients. For a given wavelet node wct.wnBase[i],
wct.wnBase[i].iWclFirst is the index into that array of the
�rst element in the list of coef�cients belonging to the
node.Successive elementsare orderedin increasingbasis
selectorvalue,which is derivedfrom wct.wnBase[i].mskNu.
Eachelementwct.wnBase[i].wclBase[j]containsthe index
wct.wnBase[i].wclBase[j].iWclNextof thenext-highersetof
multichannelcoef�cients belongingto nodei. (Thelastele-
mentin thelist hasthis index setto -1.)

7.2.3. The TransportGeometryClass

TheTransportGeometryclassshown in Figure8 containsall
geometricinformationnecessaryto computewavelet radia-
tive transferbetweensourceanddestinationpolygonalob-
jects.Givena TransportGeometryobjecttg, tg.tfSobjWldis
the af�ne 3D transformfrom sourceobject to world po-
sitional coordinates,tg.tfWldDobj is the af�ne 3D trans-
form from world to destinationobject positional coordi-
nates,tg.tfR is theorthogonal3D rotationaltransformfrom
sourceto destinationdirectionalcoordinates,tg.pgnSobjand
tg.pgnDobjarethe sourceanddestinationpolygons(in ob-
ject coordinates),tg.tf2dSparToSobjis the af�ne 2D trans-
form from sourceparametricto sourceobject coordinates,
and tg.tf2dDobjToDpar is the af�ne 2D transform from
sourceparametricto sourceobjectcoordinates.The imple-
mentedTransportGeometryclasscontainsinversesof most
of thesetransformsas well, sincesomeof the integration

tg_oracle() tc_integrate()

tc_propagate()

wct_transport()

wn_pull() wn_push()

tc_eval()

Figure 9: Simpli�ed FunctionalDecompositionfor Wavelet
RadiativeTransfer

schemesweuseactuallyprojectdestinationpointsbackinto
sourcespace.

7.2.4. Functional Decompositionof WRT

Figure 9 shows a simpli�ed functional decompositionfor
WRT. In this subsection,we will discusseachblock indi-
vidually anddescribehow it implementstheideaspresented
in Section6. Wewill proceedin a bottom-upsequence.

7.2.4.1. tg_oracle() This function is a geometricquery
function. Given a TransportGeometryandsourceanddes-
tinationWaveletIndices, it performsseveral fastqueryfunc-
tions.

� If eithersourceor destinationwaveletdirectionalsupports
lie entirelyoutsidetheUDC, they cannotinteract.

� Projectingthe 16 verticesof the destinationsupporthy-
percubeonto the planethat containsthe source,the ver-
ticescanbe classi�ed by the “f astreject” part of a four-
dimensionalversionof the Cohen-Sutherlandline clip-
ping algorithm(seeFoley, etal.6, p. 113,for example).

� If all 16 destinationverticesmap into points contained
within thesourcesupport,we assumethat theentirelyof
the destinationsupportdoes,so an exact computationof
the inner product(which is thenproportionalto the vol-
umeof thedestinationsupporthypercube)is possible.

The latter two itemsrequirean assumptionthat the pro-
jecteddestinationsupportverticesde�ne a convex hull for
theentireprojectedsupport.As we notedin Section7.1.3.2,
this is not in generalthecase.Nevertheless,by disablingthis
oracleandcomparingresults,wehavefoundempiricallythat
it is a reasonableapproximation,at leastfor oracularpur-
poses.

7.2.4.2. tc_integrate() This functionis responsiblefor per-
forming theactualintegration.It is capableof usingany of
theschemesdescribedin Section7.1.4.

7.2.4.3. wn_pull() and wn_push() Thesefunctionsacton
individualnodesof aWCT to perform,respectively, asingle-
level, four-dimensionalHaar analysis(i.e., forward trans-
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tc propagate(WaveletIndex wiS, doub le bS[ ],
WaveletIndex wiD,
TransportGeometry tgSD,
WaveletCoef�cientTree wctD)

if wiD.l == maximum wavelet level + 1,
return tc eval(wiS, wiD, tgSD)

else if tg oracle(wiS, wiD, tgSD) gives
exact result,

return it
else 10

for each child wiDChild of wiD,
tc[wiDChild] = tc propagate(wiS,

bS, wiDChild, tgSD, wctD)
for each channel chan,

for each child wiDChild of wiD,
wn[chan][wiDChild] = bS[chan]

� tc[wiDChild]
wn pull(wn)
if wiD.l is not the top destination

level, 20

wn[chan][wiD.nu = 0] = 0
wctD[wiD] = wn

Figure10: tc_propagate()Pseudocode

form or “pull” — cf. Hanrahanet al.12) or synthesis(i.e.,
inversetransformor “push”).

7.2.4.4. tc_eval() Givensourceanddestinationwaveletin-
dices,this function computesa singletransportcoef�cient.
It will call itself recursively if eithersourceor destination
basisselectorsarenonzero,althoughasit is currentlyused
in WRT, tc_eval() is only calledto evaluatepuresmoothing
coef�cients. (Theability to work with non-zerobasisselec-
tors is usedin self-testmode.)At theuser's request,it will
call tg_oracle()to attemptto �nd analternativeto numerical
quadrature.Otherwise,it will call tg_integrate() to perform
thatquadrature.

7.2.4.5. tc_propagate() This function propagatesa single
sourcewavelet coef�cient to a destinationwavelet coef-
�cient tree wctD. Figure 10 shows its pseudocode.Like
tc_eval(), it will work with a nonzerosourcebasisselec-
tor, but in thecontext of WRTis only calleduponwith pure
sourcesmoothingcoef�cients. It is important to note that
wctD will containno puresmoothingcoef�cients exceptat
aspeci�edtoplevel. Thesourcepuresmoothingcoef�cients
correspondingto wiSarepassedto thefunctionasb0[] .

Therearethreealternatives:
� If thedestinationwavelet is onemorethanthemaximum

wavelet level, it returnsthe smoothingcoef�cient it gets
from tc_eval().

� If tg_oracle()givesanexactresult(oftenzero),it returns
that result.Note that wctD doesnot needto be updated
in this case,sincetheexact resultis eitherzeroor a pure

wct transport(WaveletIndex wiS, doub le bS0[ ],
WaveletCoef�cientTree wctS,
TransportGeometry tgSD,
WaveletIndex wiDTop,
WaveletCoef�cientTree wctD):

if tg oracle(wiS, tgSD, wiDTop) says an
interaction is not possible,

return
wn = wctS[wiS]
if wn exists, 10

for each channel chan,
wn[chan][0] = wn[chan][0] + bS0[chan]

wn push(wn)
for each child wiSChild of wiS,

wct transport(wiSChild, wn[ � ][wiSChild],
wctS, tgSD, wiDTop, wctD)

else
tc propagate(wiS, bS0, wiDTop, tgSD, wctD)

Figure11: wct_transport()Pseudocode

smoothingresultbelow thetop level, neitherof which re-
quiresstorage.

� Otherwise(andmostimportantly)thefunctionappliesit-
self recursively to the16 child indicesof wiD, collecting
the16 returnedsmoothingcoef�cients. For eachchannel,
it thenmultiplieseachcoef�cient by thesourcecoef�cient
for that channel,anduseswn_pull() to apply a “pull” to
convert the result to wavelet coef�cients. If wiD.l is not
thetopdestinationlevel, thepuresmoothingcoef�cient is
redundantandis setto zero.Theresultis thenreadyto be
storedin wctD.

7.2.4.6. wct_transport() Figure11 shows the pseudocode
for this function,which transportsan entiresourcewavelet
coef�cient treewctSto a destinationwaveletcoef�cient tree
wctD.

Thefunction�rst usestg_oracle()to rejectimpossiblein-
teractions.If thereis a nodewn, indexed by wiS in wctS, it
will call itself recursively to descendthetree.First, though,
to the pure smoothingcoef�cients of wn, it adds bS0[]
(which is zerowhen this function is initially calledbefore
recursion).It theninvokeswn_push()to convert thewavelet
coef�cients to �ner puresmoothingcoef�cients at the level
of thechildrenof wiS. wct_transport()thenappliesitself re-
cursively to eachof thesechildren,passingtheelementsof
wnasnew valuesof bS0[].

If wn doesnot exist in wctS, thereareno nodesin wctS
at or below wiS, so the only thing that needsto be prop-
agatedis the puresmoothingvalue bS0[]. wct_transport()
calls tc_propagate() to do this. The changeof pre�x is an
indicationthat below this call level, we areno longercon-
cernedwith asourceWCT, but with individualpuresmooth-
ing (multichannel)coef�cient vectors.
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Figure12: GeometryUsedfor Exampleof Transport

7.3. Exampleof Transport

For a test con�guration, we imaginelight shining through
thesquarestainedglasswindow shown in Figure13.

As illustratedin Figure12, theincidentlight shinesdown
with a distributionpeakingat anangleof 45

�

from thehori-
zontal,diffusedby theglassaccordingto a distribution pro-
portionalto the4thpowerof thecosineof theanglebetween
thepropagationdirectionandthepeakdirection.Thelight is
transportedto the�oor andis collectedthere.

Figure14 shows thecomplete,inversely-transformed4D
results.Eachof thesmall imagesrepresentsthespatialvari-
ationof radiancein the�x eddirectiongivenby theimage's
positionin thematrix.

Figure15 is a detailedview of the brightestpart of Fig-
ure 14. This computationof 32 � 32 � 32 � 32 coef�cients
(in red, green,andblue channels)compressedby 95% re-
quired12.4hoursof CPU time on an IBM RS/6000POW-
ERserver 560workstation.

Needlessto say, this is impracticalfor a singleframe,but
theresultis reusable.

Figure16 shows several framesgeneratedwith another-
wiseconventionalraytracermodi�ed to treata waveletradi-
ancedistributionasa“4-D texture”.Eachframeis generated
from a differentcameraposition.Most of the“�oor” is cov-
eredwith 16 tiles with alternatingmostly-diffuse(“lighter”)
andmostly-specular(“darker”) Phongillumination models
in acheckerboardpattern.Theresultingimagescontainnone

of the “noise” commonto theusualMonteCarlo approach
to this sortof problem.

8. Work in Progress

We arecontinuingwork with improvedtransportcoef�cient
integrationtechniquesandplanto take furtheradvantageof
wavelet representations,suchasknowledgeof the destina-
tion'sre�ectiveproperties,to reducetheamountof computa-
tion requiredandallow usto go to largersetsof coef�cients
in lesstime.

We also hopeto extend this work to waveletswith bet-
ter representationalpropertiesthanHaarwaveletsandto de-
velopmorerapidreconstructionalgorithms.
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Figure13: A StainedGlassWindow. Thisis thespatialcom-
ponentof radiancefor thetestcon�guration.
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Figure 14: Four-DimensionalResultsof WaveletRadiative
Transport

Figure15: DetailedView of theBrightestPart of Figure 14
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Figure16: Exampleof WaveletTransport.Re�ectedwaveletrepresentationsof radianceasshownin Figure14canbesampled
fromdifferentdirections.
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