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Abstract

Recentlythere hasbeenconsideableinterestin therepresentatiorof radiancein termsof waveletasisfunctions.
We will presenta coodinatesystentalledNusseltcoordinatesvhich, whencombinedvith waveletsconsideably
simpli es computatiorof radiativetransportandsurfaceinteraction. It alsoprovidesstraightforwad computation

of the physicalquantitiesinvolved.

\We showhowto constructa discreterepresentatiorof theradiativetransportopemator

involvinginner products

of smoothingfunctions,discussthe possiblenumericalintegration tedhniques,and presentan application. We
alsoshowhowsurfaceinteractioncanberepresentedsa kind of matrix productof thewaveletprojectionsof an
incidentradianceanda bidirectionalre ectancedistribution function(BRDF).

1. Intr oduction

In computergraphicswe useillumination, the studyof how
light interactswith matterto producevisible scenesto pro-
duce “realistic” images.lllumination is typically decom-
posednto two sub-areadocal andglobal.

Localilluminationdescribesheinteractionof light with a
single,smallvolumeor surfaceelementwith givenincident
andviewing directions Figurel shavs thetypical geometry
andnomenclaturédor local illumination studies.

Global illumination describeshow light is distributedin
a scene a collection of objects,including light sources,
immersedin a given medium. Global illumination solu-
tions must considermultiple re ections. Global illumina-
tion solutionsarebuilt ontop of localillumination solutions.
Fournier describegheirinterrelationfurther

In thispaperwewill adwanceanen approacho anillumi-
nationsolutionthatis intermediatébetweeriocal andglobal
illumination. Using wavelets,we areableto treatthe inter-
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actionbetweenrntwo surfacesandthe interactionof a surface
with a radiation eld in a source-to-destinatiomodel that
appliesto whole surfacesnot just small elementsWe have
usedthis work asthe basisof a fully global solution (see
Lewis!6),

Waveletsare relatively recentadditionsto the rendering
toolkit. They were rst usedby Gortler et al.1! to solve
the radiosity equations.Schroderet al.1® and Christensen
et al.2 appliedthemto non-difuse situations.Lalondeand
Fourniei4 appliedthemto the representationf re ectance
data.Whatwe presenheremay be considereda furtherde-
velopmenibof work doneby theseresearchers.

2. Radiative Transfer and Surfacelnteraction Theory

Let us rst discusssomeof the basicsof haw light is rep-
resentedThefundamentabuantityis radiance the amount
of power passingin a given directionthrougha given sur
faceper unit area(perpendiculato the direction of travel)
per unit solid angle.In this report, we will take radiance
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Figure 1: Local lllumination Geometry

to be monochromati@nd assumeve canconstructa poly-
chromaticimagesby combining independentlycomputed
monochromatiémagesWe alsoignorepolarization.

Radianceat a point P in a direction S is usually repre-
sentedby afunctionL P S..

Radiances most useful property is its invariance:In a
non-participatingnedium,the radiancegiven off at a point
Po onasurfacein adirectionSis constanuntil reachingan-
othersurface We canexpresshis astheactionof atransport
operator :

LPS L LPoPS S
This principleunderliesraytracing.

We take the fundamentakquationdescribingsurfacein-
teractionto be (cf. Glassnet, p. 879 or CohenandWallace,
p.39):

LV Le V
ff S VLS NS dw
W
ftS VLS NS dw @)
W

whereL is thetotal radiancegivenoff of a surfacewith nor
mal N, Le is the surfaceemissvity, L; is the incidentradi-
ance W isthere ection hemispherécontainsN, the“view-
ing” directionV, andthe “positive source”directionS ),
W, is thetransmissiohemispher¢oppositeAR, containing
the “negative source”directionS ), f; is the bidirectional

ubC

Figure 2: NusseltGeometry“UDC” indicatesthe unit di-
rectionalcircle.

re ectancedistribution function (BRDF), and f; is the bidi-
rectionaltransmittancedistribution function (BTDF). Note
that, sinceit symbolicallyfactorsout of (1), we ignorethe
spatialvariationof theradiancesnddistribution functions.

We representhis combinedre ection and transmission
surfaceinteractionby theintegral operator .

Lr Le L

Notethatwe treatthe emissvity termseparately

3. Radiancein NusseltCoordinates

If we con ne our discussiornto surfaces,we canassumea
planar(possiblylocal) parameterizatiofor P of u v .Sis

thentypically representeih polarandazimuthakoordinates
g f accordingto thelocal frameof reference.

Considerthe x, y, andz direction cosinescorresponding
toadirection g f :

Px singcosf py singsinf Pz cosq 2

Wetake px My to beanalternatve parameterizatioof di-
rection.

It is corvenientin whatfollows for all variablesto vary
betweenthe extremaof 0 and 1, so let us make a further
changeof thedirectionalvariablesfrom px py to k1 :

1 b 1
e 3)

Figure 2 shaws the relation between q f and k |
graphically It also shavs the unit directional circle (here-
after UDC),de nedby i 1§ 1.

To convertintegrationover q f tointegrationover k |
we accounffor the changeof integrationvariablesby multi-
plying by the determinanbf the Jacobianwhichis:

Tqf 4
Tkl cosgsing

(4)
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so,assumind.; is zerofor directionsoutsidethe UDC, (1)
becomes

1 1

L Le4 er VL|S
0

ft S VLS dkdl; 5)
That the integral no longer containstrigonometricfunc-
tions should comeas no surprise.We have simply useda
differentialform of the “Nusseltanalog”(Nusselt8, but see
CohenandWallacé, p. 80 for a descriptionin English):the
amountof power perunit areatransferredrom adifferential
solid angledw; is proportionato dk; dl ;, theareaof thesur
facethattheprojectionof dw; onaunit spheresubtendsFor
thisreasonwerefertok andl as“Nusseltcoordinates”.

We alsonotethat,sinceps 1§ 12 1 andsinceeach
vectoris de ned only over a hemispherenot the whole di-
rectionalspherewe canexpressS , S , andV all unam-
biguouslyin termsof their respectie incidentandre ected
k'sandl 's. Simply put, it is alwaysclearwhich signto at-
tachto the squareroot.

Otherwaysto parameteriz¢he directionalcomponenbf
aradiancdistributionarepossibleLight elds (asin Levoy
and Hanraha#?) and lumigraphs(as in Gortler et al.19),
arevery promisingapproachesor display purposesChris-
tensenet al.> usea combinationof a gnomonicprojection
and“stretch” to mapdirectionsto the unit square None of
theseapproaches)owever, leadsto thesimpli cation of sur
faceinteractionthat(5) demonstrates.

4. RadianceRepresentation

What arethe characteristicef a four-dimensionakadiance
distribution L x y k | ? The easiestway to visualize this
is as “light througha windon” where the position of an
obserer on a window is x y andhe or shecastsa ray
in direction k | . For a x eddirection,the resultingtwo-

dimensionaprojectionis a parallelprojection.(The special
case k | 1 1 is an orthographicprojection.) For a
x edposition,thedistributionin k | wouldbea" sheye”

view. In both casesthe resultis animage,sowe candeal
with thoseradianceadistributionsaswe dealwith images.

Radianceatapointonasurfaceis a potentiallydiscontin-
uous.generallynonanalytidunction.We canapproximatet
with a nite elementxpansiorwith Nt degreesof freedom:

N
Lxykl @ bjBjxykl
i1

Choicedfor the basisfunctionsB; includebox discretiza-
tion (a la Fournieretal.'s® FIAT), Fourier, discretecosine,
orthogonalpolynomials,and wavelets.We are particularly
interestedn waveletsbecauseynlike the otherbasedisted,
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theirbasisfunctionsareof limited supportandthey canrep-
resentdiscontinuitiescompactly They are also capableof
considerableompression.

5. Multidimensional Wavelets

In this section,we will describemultidimensionalwavelets
with theintentionof applyingthemto radiative transportand
surfaceinteraction.

For D-dimensionatoordinates

q qQ ado

we cande ne a setof multidimensionalvaveletbasisfunc-
tionsindexed by a standad multiresolutionindex

poniimm iy m (6)
where nj, which we call the “basis selector”, determines

the combinationof onedimensionabkmoothingandwavelet
functions:

qu

fi [ i nj
mf Gt T G2 Py, G0 T
Yiim @ fii @ g 0o n’

Ol @ Vi ® - g @ 2 ()

Vilmd Yy G Yy G 0221

We referto the specialcaseof ni 0 asthe“pure smooth-
ing” componentasthecorrespondindpasisfunctionis made
up of only smoothingfunctions.

We de ne the inner productof two functions f and g
with respecto x. (Using x asa subscriptis non-traditional,
but will becomeusefulwhenwe speakof multidimensional
wavelets.)

f oy f xgxdx

If we have| asin (6) andde ne k as
ko on“miism 15 b ®)

then
~ D
B Bx q ik (Pldlélsdménﬁ

I§j is identicalto B; asde ned in (7), but with the primal
waveletsandsmoothingfunctionsreplacedoy their duals.

Thisis the“standard'multidimensionaCartesiarproduct
basis.It is alsopossibleto constrain{ 13 151,
resultingin the so-called“nonstandard’basis.In general
multidimensional(especiallyimage-orientedapplications,
ascitedin Daubechiesandin Schrodeetal.1?, thenonstan-
dardbasesarepreferredbecausef their “square”support.
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In this paperwe areconsideringd-dimensionalnonstan- then
dard basisfunctions, so let us enumeratethe coordinates

with the4-vector

g uvkl
andthe basisfunctionswith a nonstandadl multiresolution
index

joonlmem mem 9)

Using the standardwavelet recurrencerelations (see
Daubechie® and(7), all thebasisfunctionsatlevel | of the
pyramidcanbewrittenin termsof then 0 basisfunctions
atlevell 1:

Bnm 4 (10)

&m hmuhrr\/hmkhm| Boi12mm 9 n O
ém gmuhnk/hmkhml BOI 12mm g n 1
4 ém hmugrr\/hmkh BOI 12mm g n 2

ém gmugrr\/gmkgml BOI 12mm 9 n 15
wherem my m, me m .

Sofor ary function f,
f Bnlmq é.\Nnm f BOI 1 2m m
m

whereW,, is (4 times)a productof smoothingandwavelet
coefcients.

6. Wavelet RadianceProperties

Apart from compressionrepresentingadiancein termsof
a wavelet basiswith directionexpressedn Nusseltcoordi-
natesmalkes several calculationsof relevanceto illumina-
tion computationeasier Notice thattheseall actdirectly on
waveletcoefcients themselesanddonotrequireaninverse
wavelettransform.

6.1. Irradiance

Irradianceis computedas

E x Li x f N S dw;
y W i Xyq i
Again makinguseof (4), we have

1

1
Exy 4 Li xyk I dk;dl;
0 0

Thelimits of bothintegrationsare0 and1, but if L; is zero
outsidethe UDC (seeFigure 2), we can safely extend the
integrationlimits to and

This allows usto saythatif

Lixykl &bBxykl (11)
i

Exy 43b B 1
i

" (12)

is thewaveletrepresentationf theirradiance.

Theinnerproductson theright handsideareusuallyeasy
to computein takular form, if not analytically makingpar
ticular use of the fact that y xdx O to eliminate
mary coefcients.

6.2. Power Flux

Thepower ux passinghroughanareaA is de ned as

F Lj x f N S dwidA
AR i Xyq i
E xy dA (13)
A
If we have a spatialparameterizationu v Xy that
mapstheunit squareto A andback,thenwe have
11
F Exuv yuv Ixy dudv
0 0 Tuv

If, asabore,wetakeE xy  Ofor x y outsideof A andif
we extend(11) to includethis parameterization:

Lixykl @4bBuxy vxy kil
j

thenwe canincorporate(12) to getthe wavelet representa-
tion of ux:

Q Txy
F 4a b B Tuv (14)
j q
6.3. Transport
We representadianceas
La  &bkBk g (15)
k
where
by L ék q (16)

andk is de ned asin (8).

Radiancetravels from a sourcepoint gs to a destination
pointqg. If wehaveamappingofgs qq, we cancompute

Lo ga & bKBx qg
k
where

d ~
bk Ls Qs Bk 9
a b (17)
J
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j is de ned asin (6), and we de ne geometry-dependent
“transportcoefcients”

Tk  Bjos Bk @ (18)

Using the multidimensionalre nement shawvn in (10),
givenT g;m, k Onlevel |j, we cancomputeall coefcients
onthecoarsellevel aboveiit in the pyramid:

o
Tnj lj 1mjk aWn,-m TO|J' 2mj m k (19)
m
andgivenT, g,m, onlevelly, we cancompute

Tj Nk |k 1 mg é. Wnkm T] Olk 2mg m (20)
m

wherem; m’,m‘,m{rq’ and my n{jn{}n{i nf .
This meansthat we can computeall transportcoefcients
strictly in termsof puresmoothingcomponents:

Tjk é. é.\Nnjm Wnkm TOIJ- 2mj m O 2mg m (21)

m m

6.4. SurfacelInteraction

Using (7), let us dene a mixed primal-dual, four-
dimensionalponstandardvaveletbasis:

F] kslskr |r
f~|jn1'( ks Fljn‘{ Isfljmf; Ky fljn\j Iy nl
Viin, ksf],ﬂ- Ls iy krfljm,- Iy ni
F””‘L ksyuﬁ lsflimﬂ; krfljrqj I ni
Viim, Ks )7|jmi |sy,w Kr Yiin lr nl 15

where

ioonplpmem memy
SoF kslskrlr is By kslskr Iy with dual scaling
functions and wavelets substitutedfor the primal scaling

functionsand waveletsin the incident directional compo-
nentsonly.

If wethenrepresentheBRDFin Nusseltcoordinatesvith
this basis:

fr ks I's ke I'r éferjks|skr|r
j

and

A bBk xyksls
k

Likas|3

where

kil ml mf m mf
then, applying (5) and againrequiring either f, or L; (or
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both)to vanishoutsidethe UDC (thusallowing usto extend
ourintegrationto ), there ectedradiances

1
Lr 4 ff S VL S dksdls
0 o0

434k B By, (22)
j k

We seeka wavelet representationf the post-interaction
radiance:

Lr ébaBankrlr
n

Againusingthebasisrepresentationf there ectedradiance
asin (15)and(16), it follows that

r ~
bn Lr Bn Xyke Iy

So,substituting(22), we nd

bh 4348 fx F Bc,, Bn (23)
ik sis xyky|r

Let us now simplify notation.We canrewrite Fj and By

compactlyby de ning a function xlbm x thattakeson the
value of the smoothingfunction or the wavelet depending
onasinglebinaryvalueb:

b fimx b 0
Xim X Ymx b 1
andsimilarly for ax with f andy in placeof f andy, re-
spectvely.

We alsotake indexable (from 0 to 3) representationsf
theargumentdo F andB, respectiely

p ks I'skrlvy
and

q UVksls

If we now adoptthe notationwherei 5 refersto theath

bit of thebinaryform of i (i.e.i2 # mod2), we canexpress
theinnermostinnerproductof (23) as

F By Kel s (24)

1 1 é ;nja xnka

0 0 oo lm Pa X G2
3 ”ja nka

O lemé Pa Xlkm§ Ca dksdl s
a 2

andremoving factorsthatdo not dependon the variablesof
integrationfrom theintegral, we have

F Bk k.,

K k

i
oy Xn3
1k
I's

i
~n n

0 2
X X .
Ik im
ke M

Xlim(jJ
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nk J

0 n*, njzk n3| 2
xlknﬁxxlknﬁyx“nérx“n%r (25)

If we now de ne amultiresolutiondeltatensor

i «
nS

DjSt X xn !
k limd Ikm{
we canrewrite (25) as

Fj Bk Ks (26)

I's

0213, ny n', n'y
Dik Dik Kt X X Y Xnmiz Kr Xu‘mi3
andwe cancontinueto apply the D symbolto simplify the
wholenestednnerproductin (23)

I'r

F B B
T Bk kel " xyke I

02 ~13 ~00 ~11 2 ~33
DY Djic DYy Dia D Dy @7)

The D's are very much dependentupon our choice of
wavelet, so we will defer discussingtheir computationto
Section?.

We cando the samething with a BTDF andsorepresent
generabkurfaceinteractionsre ection, refraction,andtrans-
mission.

7. Implementation

In this section,we discussthe implementatiorof the WRT
algorithm (hereafter “WRT). We apply someof the con-
ceptsof Section6 to a classicillumination problem: the
transporbf radiationbetweertwo arbitrarily-orientecooly-
gons.

7.1. Major Implementation Details

In this subsectionwe will discussdesigndecisionsthatare
of generakoncerrto arnyoneattemptingo build aWRT sys-
tem.

7.1.1. RepresentingTransport Geometry

To establisitheqs  qg mappingwe needin orderto trans-
port radiancefrom sourceto destinationwe mustdealwith
several coordinatesystems,as shavn in Figure 3: source
parametricsourceobject,world, destinatiorobject,anddes-
tination parametric Obviously, sourceobjectto destination
objectis bestdonewith acorventionalaf ne transform(with
projection), but there are several choicespossiblefor the
parametric objectmappingsrectilinear perspectie, and
bilinear All of theseare local to the sendingor receving
surface.

7.1.1.1. Rectilinear Thisisthesimplestpossiblemapping:

X W 0 u
y 0O H v

W andH arethe dimensionf a boundingrectangleIf

the objectis a rectangle,an obvious stratgy is to choose
coordinatesn whichW is its width andH is its height.This
will ensurehatthe (inverse)transformedbjectcompletely
lls theunitsquareOtherwiseprin themoregeneraktaseof
anarbitrarily-sidedpolygon,whencomputing Ty, we must
clip the (square)supportof B; (source)or By (destination)
againsthe polygonwhenintegrating.

A major advantageof the rectilinearmappingis the ease
of computatiorof the Jacobiardeterminant:

Txy

Tuv WH

which makes the pover ux computationshavn in Equa-
tion (14) very easy:

F4WH3b B 1,
i

especiallyin the caseof Haarwavelets:
F  4WHby

7.1.1.2. Perspective This mappingallows usto represent
themoregeneraluadrilateralsvithout the needto clip:

XwW All A12 A13 u
yw A1 Az Az v
w Az1 Az 1 1

where the A;jj's are easily-determinedfunctions of the
quadrilateralertices.

A straightline in perspectie parametriccoordinatesu
bv c¢ Otransformgo astraightineax by c¢ inob-
ject coordinatesThis meansthat a quadrilateralin object
coordinateswill mapto a quadrilateralin parametriccoor
dinatesandvice versa.This hasfavourableimplicationsfor
transportoefcient computatiorthatwewill discusselow.

One drawvback of a perspectie mappingis that if the
quadrilateral approachesdegenerag (a triangle, for in-
stance)theappearancef auniformgrid in parametricspace
becomesncreasinglynonuniform.

The powver ux computationof Equation(14) is not as
easyasin therectilinearcase but may still be analytically
donefor basisfunctions B; with closed-formrepresenta-
tions,suchassplines.

7.1.1.3.Bilinear As with 2-D perspectie, this mapping
alsoallows us to representjuadrilateralswithout clipping.
If thequadrilaterais de ned by four points pg p1 p2 p3
(in CCW order),the customanybilinearmappingapplies:

X 1 v v Po P1 1 u

y P3 P2 u
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source destination
1 Ys Ya 1
Vg D @ ‘ \
0 , 0
0O u 1 X X4 0 y 1
parametric object object parametric
G world %

Figure 3: Coodinate SystemsThegray quadrilateials representhe supportof souce and destinatiorbases.

Unlike the perspectie case,we can treat trianglesas de-
generatequadrilaterals,albeit with some irregular object
spacemeshing.However, this mappingis not without its
own drawvbacks.While the parametric-to-objeatnappingis
straightforvard,theinverseobject-to-parametrimappings,
in fact, doublevalued:a given x y usuallyhastwo solu-
tions u v, oneof theminsidethe unit rectangle one out-
side.In orderto distinguishthe two caseswe mustclip in
objectspacebeforeinversion.

A moreseriousdravbackis thatstraightlines arenot, in
general presered. The inverseprojectionof a straightline
ax by c¢ 0 into parametricspaceis, in general,a hy-
perbola.This alsohasimplicationsfor transportcoefcient
computation:it complicatesdeterminationof the limits of
integration.

Again, while the still more complicated Jacobianof
this transformmalkes the powver ux computationof Equa-
tion (14) moredif cult, it maystill bedonefor choicesof B;
with closed-fornrepresentationsuchassplines.

7.1.2. Choiceof Wavelet

Exceptwhere noted, our discussiondgn Section6 did not
dependon ary particularchoiceof wavelet. For implemen-
tation purposeswe have to chooseone. Thereare several
goodreasongor choosingHaarwavelets.

Thefastwavelettransformcanbeperformedn O N time
(seeBeylkin /emetal 1), butif weallow for avaryingdimen-
sionality D andwavelet basis,it is easyto seefrom Equa-
tion (10) thatthe compl«ity is actuallyO MDN whereW,
is the (varying) maximumwidth of the h; and Flj (and,
consequently g; and §j ) coefcient sets.

For this reason,as the dimensionality increases,the
rapidly-increasingoperationcount makes narraver lters
more and more desirable even thoughwider lters gener
ally have betterapproximatiorproperties SinceHaaris the
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narravestpossiblewavelet Iter (W, 2), it seemsa wise
stratgyy to make any multidimensionakfforts rst with Haar
andmove to wider basedaterif Haarprovesunsatisctory

An additionaladwantageof Haarwaveletsover the oth-
ersis the simpli cation of the calculationof the transport
coefcients, irradianceand power ux. As Equations(19)
and (20) have shawvn, thesecoefcients can be computed
entirely in terms of pure smoothingcalculations.A four-
dimensionaHaarpuresmoothingbasisis a functionthatis
constant( 4') within a hypercubeand zero outsideof it.
The resultingtransportcoefcients are volumeintegrals of
the overlap betweensucha hypercubein destinationpara-
metricspaceandthe objectwhichis a projectionof ahyper
cubein sourceparametricspaceinto the destinationspace.
(This may not be sucha greatsimpli cation. After all, ary
arbitrarily complex 3-dimensionaintegral may be trivially
turnedinto a 4-dimensionalzolumeintegral!)

The overwhelmingadwantageof choosingHaarwavelets,
however, is thegreatsimpli cation they make in computing
surfaceinteraction.Becausethe Haar functions are piece-
wise constantthe individual integralsin the kat 's usedin
(27) becometrivial. Upon incorporatingthese(conceptu-
ally) assumsof weightedKronecler delta-functionsnto the
evaluationof (22), it is possibleto derive avery ef cient al-
gorithmto computethe surfaceinteractioncoefcients. See
Lewis!6 for additionaldetails.

7.1.3. Problemswith Transport Coef cient
Computation

As the precedingsubsectiorsuggestsusing Haarwavelets
turnstransportcoefcient computationinto volumeintegral
evaluation.Therearetwo practicalproblemghatcomplicate
thecomputatiorof thatvolume.

7.1.3.1. SomeSourcePoints Do Not ProjectInto Destina-
tion Space Thesourcehypercubele nes arangeof posi-
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tionalanddirectionalcoordinates)s. Not all of thesecoordi-
natesmay mapto pointsin the destinatiorplane,muchless
the destinationquadrilateral This complicatesary attempt
atdirectevaluationof thetransportntegrals.

7.1.3.2. The Projected Hypercube Has Curved Sides
Evenif all pointsin the sourcehypercubemapto the desti-
nationplane thenatureof theresultingvolumeis nottrivial.
Needlesso say theprojectionof asourceparametriyper
cubeinto destinationparametricspaceis not a hypercube.
If, however, we could choosecoordinatesystemssuchthat
the sourcehypercubemappedto a polytopein destination
spacewe couldtake adwantageof computationagjeometric
techniguedo rst clip it againstthe destinationhypercube
andthencomputethe volumeof theresultingpolytope.Un-
fortunately thisis notpossiblebecauséhesourcehypercube
doesnot projectto a polytope.

Consider the coordinate systems described in Sec-
tion 7.1.1.Evenif wechooseectilinearparametric  object
mappingsthe sourceobjectto destinationobjecttransform
involvesa projection.Hence at best,thegs  gq mapping
hasa nonlineardependencen thedirectionalcomponents.

As a result, the projectionof the sourcehypercubeinto
destinatiorparametricspacehascurvedsides.Furthermore,
the curvatureis suchthatwe cannotguarante¢hatthe con-
vex hull of thepolytopeformedby projectingthe 16 corners
of the sourcehypercubento destinationspacecontainsthe
hypenolume. We have not fully pursuedthe possibility of
an approximationof the projectedhypercubeby its convex
hull here.

7.1.4. Integration Techniques

For thesereasonsye mustresortto multidimensionalnu-

merical integration schemesBefore consideringcandidate
techniqueswe rst make an obsenation aboutthe dimen-

sionalityrequiredfor numericalintegration.

7.1.4.1. Reducing the Dimensionality As Equation(18)
indicates,the computationof transportcoefcients is in-
trinsically four-dimensional:two directional integrals and
two positionalintegrals.If we take the two outermostnte-
gralsover directionandrestrictour discussiorto pureHaar
smoothingcomponentgn; ny 0, asEquation(21) per
mits), it is thenevidentthat

T 4k &Gj ka la Ak kd | g dkgdl g

S is the (square)directionalsupportof By. Gj kg lqg isa
geometricfunction which is equalto oneif aray from the
destinatiorplaneprojectedbackvardsalongthe kq | ¢4 di-
rectionreacheshe sourceplaneandfalls within the direc-
tional supportof B;. Otherwiseijt is zero.Ayx kq | ¢ isthe
areaof the intersectionof the spatialsupportof By in des-
tination parametricspacewith the projection(in theky | 4

direction)to destinatiorparametricspaceof the spatialsup-
portof B;.

We arenow in a positionto evaluatethe coordinatemap-
pings given in Section7.1.1to seewhich of them makes
Ak kg 1 ¢ easyto compute.All the mappingstransform
lines of constantu or v to lines in objectspace,so ary of
themwould work for the sourceparametrid¢o sourceobject
mapping.Only rectilinearand perspectie mappings how-
ever, transformarbitrarylinesin objectspaceo linesin para-
metricspacelf we chooseeitherof themfor our destination
objectto destinationparametricmappings,computationof
Ak kg I'g amountsto clipping the projectedquadrilateral
to the spatial supportof By usinga corventional polygon
clipping algorithm and computingthe resultingarea.This
allows usto reducethe dimensionalitythatwe needto inte-
gratenumericallyfrom four to two.

7.1.4.2. Numerical Quadrature Regardlessof the num-
ber of dimensionsnumericalintegrationtechniquesareall
basedn someform of quadrature:

Nsanp
o

a wf x

i1

where Nsamp is the numberof samples.Techniquesdiffer
principally in their choicesof weightsw; andsamplepoints
xij. Zwillinger?! provides an extensve suney of these.The
oneswe have choserto evaluateare:

f x dx

trapezoidal a regular grid approximatingf linearly in
eachdimension

Rombeg: a multilevel (Richardson)extrapolation (in
termsof thegrid spacing)of trapezoidatesults

Monte Carlo: xi's chosenfrom a (possibly strati ed)
pseudo-randonsequencgGlassnet, p. 310 is a good
overview of pseudo-andquasi-randonintegrationmeth-
odsin imagesynthesis.)

Halton: similar to Monte Carlo, but using quasi-mandom
numbersgeneratediccordingto numbertheoreticalcon-
siderations

Hammesley: analternatve quasi-randonmethod

While pseudo-randonand quasi-randontechniquesare
generally preferred for multidimensionalquadrature,we
include trapezoidaland Rombeg techniquesto explore
the two-dimensionalcase,where Monte Carlo has error
of order O Nsanlqu (This is true regardlessof the di-
mensionality of the problem and is one of the appeals
of Monte Carlo integration.) and the trapezoidalrule has
error of order O Nsangqu . We must be careful to use
theseerror estimatescautiously however, since our inte-
grandG kq | ¢ Ak kg | ¢ containgdiscontinuitieghater-
ror analysesio notaccountor.

7.1.4.3. Comparison To evaluatetheaccuraciesf thevar
iousmethodswe have appliedthemto atestproblem:com-
puting the setof all Ty, for agivenj andgeometry To an-
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Figure 4: RelativeEuclideanDistancevs. Timefor DifferentIntegration Techniqguesand Numbes of Samples

alyze the resultswe cantreatthis setasa vectorin a K-
dimensionakpacewhereK 1@max 1 andlmax is themax-
imum level we have coefcients for. (l.e.,we have K values
of k.)

To compareresultsagainsta referenceye createa refer
encevector'l'j{(Ef usinganextremelylong (25 CPU-minutes)
integrationtime andthenadopttwo metrics.The rst, which
we call the relative Euclideandistance(hereafter RED) is

the Euclideandistance(L2 norm)of Tjx from Tj{ff dividedby
the magnitudeof T{"

2
2 - ref
ak Tk Tjk

2 ref 2
ak Tjk

Figure4 shavs how the RED varieswith integrationtime
andNsampfor thevarioustechniquesRatherthanNsamp time
is the appropriateabscissahere. Since the time required
to evaluatethe integrandvarieswith dimensionality fewer
samplegdo not necessarilymply fastercomputation Note
thatwe allow the degreeof extrapolationfor Rombeg inte-
grationto vary from linearto quadraticto cubic. Thetimes

¢ TheEurographic#ssociationandBlackwell Publisher2002.

shavn arefor an IBM Model RS/6000PONVERsener 560
workstation.

The secondmetric, which we call relative maximumde-
parture (hereafter RMD), is more conserative. It is the
maximum absolutedifferencebetweenT, and Tj{ff (L

norm)divided by the maximumabsolutevalueof Tj{f"

T ref

max T T,

ref
max 'I'jk

Figure5 shavs how the RMD variesfor the sameparam-
etersasFigure4.

Fromtheseplots,we candrav severalconclusions:

The two gures are qualitatively similar: a methodthat
doeswell by onemetricgenerallydoeswell by the other

This givesussomecon dencethatthesemetricsarevalid.

Strati cation improves Monte Carlo results.(This comes
asnosurprise.)

Thetime requiredfor Monte Carlo methodsbeinglinear

in Neamp they all approximatahe expectedO Neamp> be-

haviour.
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Figure5: RelativeMaximumDepartue vs. Timefor DifferentIntegration TechniquesandNumbes of Samples

For a given integrationtime, the 4D trapezoidaimethod
doesgenerallyworsethanthe othermethods.
Increasingthe degreeof extrapolationfor Rombeg (2D)
integration generallymakes mattersworse. This is pre-
sumablyaresultof thediscontinuitiesn theintegrandwe
discussedbore.

Quasi-randommethodsgive similar and comparatiely
goodresults. Thisreinforceshe ndings of Kellers,

The mostsurprisingobseration, however, is hov well the
straightforvard 2D trapezoidatule does.For the RED met-
ric, it is comparablewith the bestof the other methods,
quasi-randomand for the RMD metric it doesnoticeably
betterfor shortintegrationtimes.

7.2. Minor Implementation Details

In this subsectionwe will discussdesigndecisiongparticu-
lar to our own WRT systemdesign.

Thisimplementatiortakesup approximately30,000lines
of C code Wethereforeemphasiz¢hattheclasseandpseu-
docodewe presenterearein mostcasesimpli ed for clar
ity.

In whatfollows, asin our code,we have followed consis-

tentandfairly obviousnamingcorventionsthatwe feelhave
improvedreliability and e xibility andallowedmary of the
bene tsof object-orienteghrogrammingvhile developingin
a highly portableenvironment.(Indeed the codemovesbe-
tweenIBM AlX, SGIIRIX, andIntel (RedHat)Linux with
fewerthan50 system-dependefihesof code mostlydueto
differing systemheaderles.)

Theseconventionsareanadaptedorm of whatareknowvn
as“Hungarian” corventions,partly in deferenceo the na-
tionality of their chief developer CharlesSimoryi2°. (See
McConnell” for anadditionaldiscussiorof Hungariamam-
ing, particularlyaspracticedat Microsoft.),

7.2.1. The WaweletindexClass

Figure6 shawvs the waveletindex class(i.e., typedef )we
have adoptedfor our implementation.The namesand se-
quenceof thecomponentareconsistentvith Equation9.

For the time being, we have implementedall of these
elds asshort  (16bit) unsignedntegers.This allows usto
go asfar aslevel wi.l = 16 without over owing the offsets.
Experiencesuggestthatthemaximumlevel wewill usewill
be muchlessthan 16. We could achieze a minor reduction
in memoryusageby usingunsigned char variablesfor

¢ TheEurographic#ssociationandBlackwell Publisher2002.



Lewis andFournier/ WaveletRadiativeTransfer

typedef struct
short int nu;
short int I;
short int m[4];
Waveletindex;

Figure 6: TheWaveletinde Class

wi.nu (but notwi.l, sinceit needso representevelsfrom 0
to the maximumlevel inclusively).

7.2.2. Storing Wavelet Coef cients

Becausevavelet coefcients are hierarchicalin nature,we
refer to the datastructureswe devise hereto storethemas
“waveletcoefcient trees”(hereafter*"WCT"s).

Representing WCT with amaximumlevel of resolution
Imax requiresle'"‘aX ! possiblewvaveletcoefcients perchan-
nel.Clearly compressioris calledfor. The (bi)orthogonality
of waveletspresentan L2-optimal compressiorstratgy —
thresholdinglow-magnitudecoefcients. In this case,the
datawas single-channeblnd single dimensional(i.e., each
waveletcoefcient' s supportwasunique),but theresultsare
independenof thewaveletdimensionality

We not only wantto guaranteex good approximationof
the datawith the compressedoefcients, but alsoef cient
useof storageandfastreconstruction.

7.2.2.1.Hashing Coefcients Given a sparse set of
wavelet radiancecoefcients by , we needto storethem
in a way that facilitatesthe mappingof the wavelet index
k  bx neededto perform the transportoperationEqua-
tion (17). The obvious way to do this is with a hashtable.
Not knowing the setof destinationindices k in adwance
prohibitsperfecthashingsoit is necessaryhatthe hashing
schemeallows for collisionsandthat the hashtable entries
containk aswell asby values.

7.2.2.2. Multichannel Grouping As we mentionedin
Section2, we have beentreating data monochromatically
throughoutthis paper In practical applications,however,
we must evaluate Equation (17) for all three (or how-
ever mary) channelsHaving assumeda non-participating
medium,thetransportcoefcients Ty, areachromaticEval-
uationof Equation(17) simply meansmultiplying eachel-
ementof a (now) 3-vectorbjS by the samevalueof Ty and

accumulatingheresultin anothele-vectorbﬂ.

In the absenceof the needfor compressionit would be
corvenientto groupall channelsof bjs into a singlegroup,
ratherthan createa separatgepresentatiorior eachchan-
nel. In the presencef compressionhowever, eachchannel
hasits own thresholdIf onecomponents above its thresh-
old but the othertwo arebelow theirs,saving the latteris a
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typedef struct
int iIWnOfHash[int mxnIWnOfHash];
struct WaveletNode
Waveletindex wi;
unsigned short mskChild;
unsigned short mskNu;
int iWclFirst;
wnBase[int nWn[;
struct WaveletCoef cientList
oat b[3]; 10
int iWcINext;
wclBase[int nWecl];
double umrad;
WaveletCoef cientT ree;

Figure 7: TheWaveletCoefcientT reeclass

wasteof storageThis would be mitigated,however, if there
werea high degreeof correlationbetweerthemagnitude®f
thecoefcients. Certainly awaveletrepresentationf white
light given off by aluminairedisplaysa high degreeof cor
relation.Whenthislight is re ected off a surfaceof varying
spectrake ectivity, hawvever, thatcorrelationwill be dimin-
ished.By hov muchdepend®n the natureof the surface.

We have two choiceshere:to groupor notto groupmulti-
channebdata.For thetime being,we have chosertheformer
— believing thatthereis sufcient correlationandadwantage
in retrieval speedn mostsituationgo justify grouping.This
de nitely requiresfurtherstudy

7.2.2.3. Hashing Nodes Instead of Coef cients In one

dimension,a nodein the wavelet pyramid containsa sin-

gle waveletcoefcient. In four dimensionssuchanodehas
one purewavelet (n  15) coefcient and fourteenmixed

wavelet/smoothindn 1 14 ) coefcients. (Recallthat

thepuresmoothingln  0) coefcient maybereconstructed
fromthenodesancestorsf ary, andonly needgo bekeptat

therootnode.)All coefcients atagivennodecorrespondo

basisfunctionswith the same(Haar)or similar (otherbases)
support.

We might thereforeexpectto nd a higherdegreeof cor
relationin magnitudebetweercoefcients thatbelongto the
samenode and coefcients that do not. This suggestdhat
we canreducethe index storageoverheacby hashingentire
nodesratherthanindividual coefcients.

7.2.2.4. The WaweletCoefcientT reeClass Figure7 shavs
thefundamentaktructurewe useto representvaveletcoef-
cients: WaveletCoetientTree(hereafterWCT). Notethat
thecodein the gure is notlegal C code:We have combined
severalsubsidiaryclassesandmoved somecomponente -
nitionsaroundto indicatedynamically-sizedtructures.

Givena WCT wect, wct.iWwnOfHash[is the hashtableit-
self. It is indexed by the hashof a (puresmoothingwavelet
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typedef struct

Transform3d tf3dSobjwid;
Transform3d tf3dDobjwid;
Transform3d tf3dSobjDobj;
Transform3d tf3dR;

Polygon  pgnSobj;
Transform2d tf2dSparToSobj;
Transform2d tf2dSobjToSpar;
Polygon  pgnDobj;

Transform2d tf2dDparToDobj; 10

Transform2d tf2dDobjToDpar;
TransportGeometry;

Figure 8: TheTransportGeometrZlass

index. Its entriesareindicesinto wct.wnBase[] thearrayof
wavelet nodes.Note that the use of integer indicesrather
thanpointersallows thedynamicresizingof wct.wnBase][]

Eachnodecontainghecorrespondingvaveletindex. This
is notonly usefulfor hashcollision detection but by index-
ing wct.wnBase[] we cantraverseall nonzercentriesin wct
directly. wct.wnBase[i].mskChilds a 16-bit maskindicat-
ing which of nodei's 16 children are also presentin wct
wct.wnBase[i].mskNis a 16-bit maskindicatingwhich ba-
sisselectorarepresentn wctfor nodei.

The array wct.wnBase[i].wclBase[lcontainsall wavelet
coefcients. For a given wavelet node wct.wnBase]i]
wct.wnBase[i].iWclkr st is the index into that array of the
rst elementin the list of coefcients belongingto the
node. Successie elementsare orderedin increasingbasis
selectowvalue,whichis derivedfrom wct.wnBase[i].mskNu
Eachelementwct.wnBase[i].wclBase[jlcontainsthe index
wct.wnBase[i].wclBase[j].iwcINe of thenext-highersetof
multichannelcoefcients belongingto nodei. (Thelastele-

mentin thelist hasthisindex setto -1.)

7.2.3. The TransportGeometnClass

TheTransportGeometrglassshavn in Figure8 containsall
geometricinformationnecessaryo computewaveletradia-
tive transferbetweensourceand destinationpolygonalob-
jects.Givena TransportGeometrgbjecttg, tg.tfSobjWidis
the afne 3D transformfrom sourceobjectto world po-
sitional coordinates tg.tfWldDobj is the afne 3D trans-
form from world to destinationobject positional coordi-
nates tg.tfR is the orthogonal3D rotationaltransformfrom
sourceto destinatiordirectionalcoordinatestg.pgnSoband
tg.pgnDobjare the sourceand destinationpolygons(in ob-
ject coordinates)tg.tf2dSpardSobjis the afne 2D trans-
form from sourceparametricto sourceobjectcoordinates,
and tg.tf2dDobjbDpar is the afne 2D transform from
sourceparametricto sourceobjectcoordinatesThe imple-
mentedTransportGeometrglasscontainsinversesof most
of thesetransformsas well, sincesomeof the integration

wct_transport()

tc_propagate()

v

‘ tg_or‘agl/e() ‘ ‘ tc_integrate()‘ ‘ wn_pull() ‘ ‘ wn_push() ‘

Figure 9: Simpli ed FunctionalDecompositiorfor Wavelet
RadiativeTransfer

schemesve useactuallyprojectdestinatiorpointsbackinto
sourcespace.

7.2.4. Functional Decompositionof WRT

Figure 9 shavs a simpli ed functional decompositionfor
WRT. In this subsectionwe will discusseachblock indi-
vidually anddescribehow it implementgheideaspresented
in Section6. We will proceedn abottom-upsequence.

7.2.4.1.tg_oracle() This function is a geometricquery
function. Given a TransportGeometrand sourceand des-
tinationWaveletindicesit performsseveralfastqueryfunc-
tions.

If eithersourceor destinatiorwaveletdirectionalsupports
lie entirelyoutsidethe UDC, they cannotinteract.
Projectingthe 16 verticesof the destinationsupporthy-
percubeonto the planethat containsthe source the ver-
ticescanbe classi ed by the “fastreject” part of a four-
dimensionalversion of the Cohen-Sutherlandine clip-
ping algorithm(seeFoley, etal 8, p. 113,for example).

If all 16 destinationverticesmap into points contained
within the sourcesupport,we assumehatthe entirely of
the destinationsupportdoes,so an exact computationof
the inner product(which is thenproportionalto the vol-
umeof thedestinatiorsupporthypercubejs possible.

The latter two itemsrequirean assumptiorthat the pro-
jecteddestinationsupportverticesde ne a corvex hull for
theentireprojectedsupportAs we notedin Section7.1.3.2,
thisis notin generathecaseNeverthelesshy disablingthis
oracleandcomparingesultswe have foundempiricallythat
it is a reasonablepproximation,at leastfor oracularpur
poses.

7.2.4.2.tc_integrate() Thisfunctionis responsibldor per
forming the actualintegration.lt is capableof usingary of
theschemeslescribedn Section7.1.4.

7.2.4.3.wn_pull() and wn_push() Thesefunctionsacton
individualnodesof aWCT to perform,respectiely, asingle-
level, four-dimensionalHaar analysis(i.e., forward trans-
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tc_propagate(Waveletindex wiS, double bS[],
Waveletindex wiD,
TransportGeometry tgSD,
WaveletCoef cientTree wctD)
if wiD.I == maximum wavelet level + 1,
return tc_eval(wiS, wiD, tgSD)
else if tg_oracle(wiS, wiD, tgSD) gives
exact result,
return it
else 10
for each child wiDChild of wiD,
tc[wiDChild] = tc_propagate(wiS,
bS, wiDChild, tgSD, wctD)
for each channel chan,
for each child wiDChild of wiD,
wn[chan][wiDChild] = bS[chan]
tc[wiDChild]
wn_pull(wn)
if wiD.l is not the top destination
level, 20
wn[chan][wiD.nu = 0] = 0
wctD[wiD] = wn

Figure 10: tc_propagate(Pseudocode

form or “pull” — cf. Hanraharet al.12) or synthesis(i.e.,
inversetransformor “push”).

7.2.4.4.tc_eval() Givensourceanddestinatiorwaveletin-
dices,this function computesa single transportcoefcient.
It will call itself recursvely if eithersourceor destination
basisselectorsarenonzero,althoughasit is currentlyused
in WRT, tc_eval() is only calledto evaluatepuresmoothing
coefcients. (The ability to work with non-zerobasisselec-
torsis usedin self-testmode.)At the users requestjt will
calltg_oracle()to attemptto nd analternatve to numerical
quadratureOtherwisejit will call tg_integrate() to perform
thatquadrature.

7.2.4.5.tc_propagate() This function propagates single
sourcewavelet coefcient to a destinationwavelet coef-
cient tree wctD. Figure 10 shaws its pseudocodelLike
tc_eval(), it will work with a nonzerosourcebasisselec-
tor, but in the contet of WRTis only calleduponwith pure
sourcesmoothingcoefcients. It is importantto note that
wctD will containno pure smoothingcoefcients exceptat
aspeci edtoplevel. Thesourcepuresmoothingcoefcients
correspondingo wiS arepassedo thefunctionasbO[].

Therearethreealternatves:

If the destinationwaveletis onemorethanthe maximum
waveletlevel, it returnsthe smoothingcoefcient it gets
from tc_evall().

If tg_oracle() givesanexactresult(oftenzero),it returns
that result. Note that wctD doesnot needto be updated
in this case sincethe exactresultis eitherzeroor a pure
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wct_transport(Waveletindex wiS, double bSO[],
WaveletCoef cientTree wctS,
TransportGeometry tgSD,
Waveletindex wiDTop,
WaveletCoef cientTree wctD):
if tg-oracle(wiS, tgSD, wiDTop) says an
interaction is not possible,
return
wn = wctS[wiS]
if wn exists, 10
for each channel chan,
wn[chan][0] = wn[chan][0] + bSO[chan]
wn_push(wn)
for each child wiSChild of wiS,
wct_transport(wiSChild, wn[ ][wiSChild],
wctS, tgSD, wiDTop, wctD)
else
tc_propagate(wiS, bSO, wiDTop, tgSD, wctD)

Figure 11: wct_transport(Pseudocode

smoothingresultbelowr thetop level, neitherof which re-
quiresstorage.

Otherwise(andmostimportantly)the function appliesit-

self recursvely to the 16 child indicesof wiD, collecting
the 16 returnedsmoothingcoefcients. For eachchannel,
it thenmultiplieseachcoefcient by thesourcecoefcient

for that channel,anduseswn_pull()to apply a “pull” to
corvert the resultto wavelet coefcients. If wiD.| is not
thetop destinatiorlevel, the puresmoothingcoefcient is
redundanandis setto zero.Theresultis thenreadyto be
storedin wctD.

7.2.4.6.wct_transport() Figure 11 shavs the pseudocode
for this function, which transportsan entire sourcewavelet
coefcient treewctSto adestinationvaveletcoefcient tree
wctD.

Thefunction rst usestg_oracle()to rejectimpossiblen-
teractionslf thereis a nodewn, indexed by wiSin wct§ it
will call itself recursvely to descendhetree.First, though,
to the pure smoothingcoefcients of wn, it addsbS0[]
(which is zerowhenthis function s initially called before
recursion) It theninvokeswn_push(}o corvert the wavelet
coefcients to ner puresmoothingcoefcients atthelevel
of thechildrenof wiS. wct_transport()thenappliesitself re-
cursiely to eachof thesechildren,passingthe elementsof
wnasnew valuesof bSO[].

If wn doesnot exist in wctS thereareno nodesin wctS
at or belov wiS, so the only thing that needsto be prop-
agatedis the pure smoothingvalue bSO[]. wct_transport()
callstc_propagate() to do this. The changeof pre x is an
indicationthat belaw this call level, we are no longercon-
cernedwith asourceWCT, but with individual puresmooth-
ing (multichanneloefcient vectors.
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Figure 12: GeometryUsedfor Exampleof Transport

7.3. Example of Transport

For a testcon guration, we imaginelight shining through
the squarestainedglasswindow shavn in Figure13.

Asiillustratedin Figure12,theincidentlight shinesdowvn
with adistribution peakingatanangleof 45 from thehori-
zontal,diffusedby the glassaccordingto a distribution pro-
portionalto the4th power of thecosineof theanglebetween
thepropagatiordirectionandthe peakdirection.Thelight is
transportedo the oor andis collectedthere.

Figure 14 shaws the complete jinversely-transformedD
results Eachof thesmallimagesrepresentshe spatialvari-
ationof radiancen the x eddirectiongivenby theimages
positionin the matrix.

Figure 15 is a detailedview of the brightestpart of Fig-
ure 14. This computationof 32 32 32 32 coefcients
(in red, green,and blue channels)}compressedby 95% re-
quired12.4hoursof CPUtime on anIBM RS/6000POW-
ERsener560workstation.

Needlesgo say thisis impracticalfor a singleframe,but
theresultis reusable.

Figure 16 shavs several framesgeneratedvith an other
wise conventionalraytracemodi ed to treata waveletradi-
ancedistributionasa“4-D texture”. Eachframeis generated
from a differentcameraposition.Most of the” oor” is cov-
eredwith 16tiles with alternatingmostly-difuse(“lighter”)
and mostly-specula“darker”) Phongillumination models
in acheclerboardpatternTheresultingimagescontainnone

of the “noise” commonto the usualMonte Carlo approach
to this sortof problem.

8. Work in Progress

We arecontinuingwork with improvedtransporicoefcient
integrationtechniquesandplanto take furtheradvantageof
wavelet representationsuchasknowledge of the destina-
tion'sre ective propertiesto reduceheamountof computa-
tion requiredandallow usto goto largersetsof coefcients
in lesstime.

We also hopeto extend this work to waveletswith bet-
terrepresentationgropertieshanHaarwaveletsandto de-
velopmorerapidreconstructioralgorithms.
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Figure 13: A StainedGlassWindow Thisis thespatialcom-
ponentof radiancefor thetestcon guration.

Figure 15: DetailedView of the BrightestPart of Figure 14
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Figure 14: Four-DimensionalResultsof WaveletRadiative
Transport
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Figure 16: Exampleof WaveletTransport.Re ectedwaveletrepresentation®f radianceasshownin Figure 14 canbesampled
fromdifferentdirections.
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