A Simple Algebraic Approach to
Teaching Oligopoly Models

Ananish Chaudhuri*
Department of Economics
Washington State University
2710 University Drive
Richland, WA 99352
Phone: 509-372-7238
Fax: 509-372-7512
E-mail: achaudh@tricity.wsu.edu

Keywords. Cournot, Stackelberg, Entry, Residual demand

JEL Classification: A22, L13,L22

| would like to express my sincerest thanks to Partha Deb for excellent and extensive
feedback regarding both substance and exposition. | aso want to thank Thomas Prusa,
Debagjyoti Chakrabarty and Achintan Dey for valuable insights and feedback. | would
also like to thank my students at Washington State University for the feedback they have
provided over the years and also for helping me develop and focus the ideas contained in
this paper. All remaining errors are mine aone.



A Simple Algebraic Approach to
Teaching Oligopoly Models

In this paper | develop a simple agebraic model which provides a new
perspective on (1) how we teach the interaction between firms in a Stackelberg model
and (2) how the same framework can be extended to a discussion on entry into an
industry. Besides providing a different approach to teaching the Stackelberg model, my
framework has the additional advantage that it isintuitive, technically ssmple and thus

readily accessible to students who may not have a background in calculus.
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Section 1: Introduction

Any undergraduate @urse in Intermediate Microecnomics or Industrial
Organization devotes a mnsiderable anount of time to discussng the Stadelberg model
of oligopdy. In this paper | develop asimple dgebraic model which provides a new
perspedive on

(2) how we tead the interaction between firmsin a Stadkel berg model

(2) and hav the same framework can be extended to a discusson onentry (such

as the Dixit-Spence mode!) into an industry

Most undergraduate texts, Carlton and Perloff (1994, Mansfield (1997, Varian
(1996, Schatter (1997), Eaton and Eaton (1995, Salvatore (1997 among others, present
simple and lucid analyses of the first topic while the secondis usually reserved for
graduate texts in econamics.

The aurrent paper is not intended to supdant the expaosition provided in
contemporary textbooks. It does however intend to inform and improve undergraduate
teading in microeconamics and industrial organization by providing a different and
intuitively appeding way of explaining the Stadelberg model. Moreover the paradigm
that | develop can be extended to a general discusson d different modes of entry into a
market. Discusson onentry can be motivated by painting out that institutional fadors or
government regul ations mandating information dsclosure may dictate whether the
competition between firmsis smultaneous or sequentia. For instance one firm may have
apatent that all ows the firm to enter the industry first and a secondfirm enters the
industry after the patent expires. Econamists have rationali zed quantity competitionin

this context to imply physical cgpacity — for instance each firm decides on the size of the



physicd plant that they wish to set up. Establi shing cgpadty and expanding it is costly so
firms want to make sure that they are establi shing the optimum cagpadty. In Cournot’s
story bath firms enter the market simultaneously and hence have to dedde on how much
cgpacity to install without knowing the other firm’s choice In Stackelberg, however, they
make the decision sequentialy — one firm moves first and the secondfirm observes the
first firm’'s choicebefore choasing its own cgpaaty. | discusstheseisaiesin greaer

detail in Sedion 2.3.

The value alded of the paper comes from two dfferent sources. (1) It developsa
framework that provides a diff erent way of explaining and a smple mathematicd
solution to the Stadkelberg model. The same framework aso allows asimple and lucid
discusson d entry into an industry — atopic that usually requires afair amourt of
technicd sophisticaion. Thistreament of entry is not foundin any of the arrent
undergraduate texts. (2) The paper achieves this within asimple dgebraic framework that
will be acesgbleto undergraduates who may not necessarily have astrong badkground
in caculus.

Sedion 2setsupthe model. Sedion 2.1 povides adiscusson d the standard
Cournot model as away of motivating the issues later in the paper. Sedion 2.2 discusses
anew approad to the Stackelberg model. Sedion 3.1shows how the new approach
developed in Sedion 2.2can be extended to adiscusson d the Dixit-Spence model of
entry deterrence. Sedion 3.2shows how different modes of entry can be handed within
the same framework. Section 4 povides an overview of where this materia fitsin the
overal scheme of thingsin the course of a standard course in intermediate

microeconamics or industrial organization. Finaly sedion 5concludes.



Section 2: The M odel

2.1: Cournot Model of Oligopoly

Consider amarket with 2firms that produce ahomogeneous product. The inverse
demandfunctionisgiven by P=A — Q where Q = Q1 + Q.. Assumethe firmsto be
identicd in the sense that they bath have amarginal cost of $¢ per unit. The two firms
compete in quantiti es as Cournot duopdi sts. The solution to this problem is simple. See
Carlton and Perloff (Second Edition, 1994, pp. 23238) for asimple dgebraic technique
for deriving the best response function for the two firms. It is not difficult to demonstrate
to the students that the best resporse functionfor firm 1 is given by Q;= (A-Q-c)/2 and
that for firm 2 is Q. = (A-Qs-c)/2. After that one can show how thisis smply a
simultaneous equation system involving two equations in two variables which can be
solved for Q; and Q, oltaining the values Q,*= (A-c)/3 and Q,*=(A-c)/3.

For the sake of simplicity and without loss of generality set A=1 and c=0. So the
demand curve beacomes P = 1- Q and the marginal cost of productionis zero. In this
scenario eat Cournot duopdi st will produce an ouput of 1/3 ead. Total output in the

market is Q=2/3. The market priceis P=1/3. Each firm makes a profit equal to 1/9.
2.2: The Stackelberg Model

Next | turn to the Stackelberg model. Most textbooks present an adequate
explanation d the model. For arigorous analysis of the model seeCalton and Perloff,
1994, pp. 25@52.

At thispaint | will point out the informational asymmetriesin the Cournot and
Stadkelberg model. Cournat is a game involving simultaneous moves. In the Cournct

model ead firm moves smultaneously and does not know the output dedsion d the



other firm. Each firm hasto decide onits output (cgpacity) without knowing what the
other firmisdoing. In a Stadelberg model on the other hand ead firm knows what the
other firmisdoing. Firm 1, when it moves, knows exadly how firm 2 will respondto its
output (cgpadty) since firm 1 knawvsthat firm 2’ s best response functionis Q,=(A-Q;:-
¢)/2. Firm 2 in turn when it decidesits output knows exadly what output firm 1 has
produced.

The usual discusson d the Stackelberg model starts by introducing the cncepts
of badkward induction and subgame perfedion. Then we show students how to solve firm
2's profit maximization exercise and oliain its readion function Q,=(A-Q;-c)/2. Then we
work our way bad and solve firm 1’s profit maximization exercise by plugging in firm
2 sreaction functioninto firm 1's profit function. We then solve for the two firms
quantitiesin the usual way.

But there isasimpler way of showing this, assuming that the cost functionis
linea. Let us continue with the same numerical example where A=1 and ¢=0, i.e. firms
face dinear demand curve of the form P=1-Q and produce d zero margina cost.

| smply point out that when firm 1 makesits output dedsionit isin fad ading as
amonopdi st sincethere are no aher firmsin the market. So facing a demand curve of
the form P=1-Q, this firm goes ahead and produces the monopdy output which is .
(Sincediscussons of oligopdy models sicceaed monopady students by thistime
understand why thisis the monopdy output.) Onceit has dore so hov much of the

market isleft? Exadly ¥2. What does firm 2 dowhen it is histurn to move? Heisredly

11t should be noted that the results derived in the foll owing pages about the Stadkelberg and Dixit-Spence
models are based on the assumption of alinea cost function and may not work for non-linea costs. But
given that in both undergraduate, as well as graduate, classes we exclusively use linea cost functionsto



looking at the residual demand in the market which is of the form P=1/2-Q. But now firm
2 isin effed amonopdy in thisresidual market and so it goes aheal and produces the
correspondng monopdy output which is . It is easy to check that solving the
Stackelberg model in the usual way would yield Q;=1/2 and Q,=1/4 as the output
resporse of firm 1 and firm 2 respedively. The resulting market priceis P=1/4. This price
of Yaislower than the Cournat price of 1/3. Firm 1 makes a profit of 1/8 while firm 2
makes a profit of 1/16.Firm 1 isthen much better off than being a Cournat competitor
while firm 2 isworse off with alower level of profit. In Cournat both firms get a profit of
1/9.

What if there ae more than two firms moving sequentially? Consider three firms.
In that case firm 1 moves first and produces %2 firm 2 moves next and produces 1/4. How
much of the market isleft? 4. So firm 3 in turn chooses the monopdy output in the
residual part of the market which is 1/8. The aggregate output is 7/8. The market priceis
1/8. Firm 1 makes a profit of 1/16,firm 2, /32 andfirm 3, /64. Again it is easy to chek
that these aeindeed the threeoutputs that would prevail i f we solve the modd in the
usua way. If the threefirms competed as Cournat oligopdi sts then ead firm would have
produced an output of ¥a. The market pricewould have been higher at ¥. Each firm
would have enjoyed aprofit of 1/16. So firm 1 is better off as the Stackelberg leader than

as a Cournot competitor while firms 2 and 3are worse off.
3.1 The Dixit-Spence Model of Entry Deterrence

The Stadkelberg model of the previous dion can be used as apoint of departure

to introducethe ideaof entry deterrence Obviously merely moving first and producing

motivate these models, this assumption isjustified. Also this assumption all ows usto extend the discussion
to a number of issues that would, usually, be far outside the scope of atypicd undergraduate murse.



the monopdy out put is nat enough to deter entry sincethere is enough residual demand
for afoll ower to enter the market and make profit. So the question arises —what shoud
an incumbent firm doin order to prevent other firms from entering the market?

Usualy thefirst model that isintroduced is the Bain-Modigli ani-Sylos-Labini
model. The model has three periods. In period 1the incumbent firm choases an ouput
and commits to maintaining this output even after entry has occurred. In period 2the
potential entrant deddes to enter or not. Then in period 3the incumbent firm choasesits
output. According to the BMS-L model this output is the same & the one that the
incumbent firm had committed to before. However as we know the BMS-L model is not
subgame perfed since once entry has occurred it is not profitable to produce the pre-
entry output but rather accommodate entry and behave as a Cournot duopolist. See
Schatter (1996, pp. 409.1) for alucid analysis of this model. The threat of expanding
output to the paint where entry is nat profitable for the entrant and maintaining that
output even if entry occursis anoncredible threa.

So what would be acredible threat? At this point we can introducethe Dixit-
Spencemodel. Aswe know in the Dixit-Spence model firms shoud ower-invest in
cgpacity andinstall much more cgaadty than they would in the standard Cournct or
Stackelberg duopdy story. Installi ng this excesscapacity and then threatening to expand
output foll owing entry is a subgame perfed equili brium.

In the Dixit-Spence model the incumbent deddesin period 1asto hov much
cgpacity to install. Then in period 2,the incumbent firm chooses its output, foll owed by
the patential entrant’s decision to enter or not. The incumbent firm then can respondby

adjusting its output in period 3.



Let usasume & this point that the incumbent firm has the option o installing a
cetain amourt of cgpacity K*, such that for any output lessthan K*, the incumbent firm
can produce & zero marginal cost as before. But for any quantity greater than K*, the st
per unit beames Y. For the potential entrant the aost per unit is %2 sincethe entrant has
noinstalled cgpadty. So the entrant’s cost functionis

C=0forg<s K*

C=(14)qgfor q>K*.

Let us continue with our simple demand d P=1 —Q. Thefirst questionis—what
isthe output that would make entry unprofitable? The answer is sSmple — set price equal
to average mst. At this paint the incumbent firm breks even and any potential entrant is
facal with nonpasitive profit. Since cis 1/4, then setting price ejual to average ast
yields a cgacity of 3/4 unt. The incumbent firm shoud install cgpacity of 3/4 unit but
produceits monopdy output of ¥2. Faced with thisinstalled cgpacity of ¥4 unt, entry
bemmes unprofitable sinceif the incumbent firm does produce ¥ then the residual
market demandis P = 1/4-Q and even the monopdy output in this residual market is O.
The incumbent firm can now costlesdy expand ouptt till 3/4 unt making such entry
unprofitable. Thusin thismodel the incumbent firm install s just enough capaaty that will
make entry unprofitable and then in the eguili brium of this game, entry does not occur
and the incumbent firm continues to enjoy monopdy profit.

If the incumbent does nat have install ed cagpadty then it canna deter entry by a
patential entrant. In this case producesits optimal output as the Stadkelberg leader which

would be 3/8 and that of the foll ower would be 3/16.

3.2 Handling Various Modes of Entry



| can also talk abou awide variety of entry sequences withou any difficulty.
How to motivate thisideaof different modes of entry? Aoki and Prusa (1997 point out
that institutional fadors and government regulations that mandate information dsclosure
may determine whether competiti on takes the form of a simultaneous move game or a
sequential move game. One good example is the diff erences in the timing of information
disclosure between the U.S. and Japanese patent systems. Under the Japanese system of
kokai afirm’'s patent applicaionislaid open 18 months after the fili ng date and before it
isgranted to the firm. Henceit isposgblefor afirm to apply for a patent knowing the
exad spedficaionsof ariva firm's patent applicaion. In contrast, in the U.S. the only
way afirm learns about ariva’sinnowationis uponthe adual granting of the patent to
therival. SeeAoki and Prusa (1996, 1997 for detailed dscussons of the impact of
patent laws on the mode of market entry.

In the U.S. context then afirm with a patent may enter an industry first to be
foll owed by others when the patent expires. But in the Japanese wntext sincethe patent
isthrown opento afirm’srivals before it is granted to afirm, it is not inconcevable to
think of more than ore firm entering a market smultaneously to be foll owed by others at
alater date. Such dfferencesin patent law could explain hav there could be diff erent
entry sequences into a market.

| can now paose problems such as:

(1) Suppcee firm 1 moves first and deades what output to produce firms 2 and 3
observe firm 1's output and then move simultaneously. Cal culate the output produced by

ead firm.
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(2) Suppcse firms 1 and 2act as Cournat duopdists and dedade ontheir outpui.
Firm 3 olserves the output of both firms 1 and 2and then deddes onits output. Calculate
the output of eadh firm in this case.

For (1) | say the following. When firm 1 makesits output dedsionit adsasa
monopdy and as aresult faces the entire market demand P=1-Q and chocses the
monopdy output of ¥2. How much of the market is left for firms 2 and 3? The remainder
of the market. So firms 2 and 3are fadng a market demand curve of the form P=1/2-Q.
What output do they each produce? They are Cournot duopdi stsin the market except
instead of getting the entire market demand they get Y2 o it. So they produce 1/3*1/2=1/6
ead. Again solving the model using the usual technique of subgame perfection (of
course using calculus) one gets the same exad answer.

Similarly, for (2) firms 1 and 2are duopdi sts and will t herefore produce 1/3 each
acourting for 2*1/3=2/3 o the market. So firm 3 in effed faces a market demand d the
form P=1/3-Q. When firm 3 makes its output dedsionit can act as amonopdist and
hence dooses the monopdy output in the residual part of the market which is
1*1/3=1/6. Again it is easy to ched that these aeindeed the output that would be

produced in the Stadkelberg model.

Section 4:

Most textbooks provide alequate mverage of models of monopdy as well as
oligopdy models such as the Cournaot or Stackleberg model. However most
undergraduate texts in microeanamics (Schotter’ s textbookis an exception) do nd
addressquestions of entry and entry-deterrence, such as the Dixit-Spencemode, in any

grea depth. The textbooks in industrial organization such as Carlton and Perloff and
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Pepall et al do addressthe issue but the discussonis sufficiently involved and
complicaed putting it beyond the grasp of undergraduate students who are nat familiar
with cdculus. (Many undergraduate businessmajors who have to take a oursein
intermediate microeconamics fall i n this caegory). However asimple discusson o
entry-deterrence alds enormously to leduresin this topic because students usualy find
the discussontopicd, relevant and stimulating.

| typically introducethe aovetopics after | have thoroughly covered monopady,
monopdi stic competition and given the students a rudimentary introduction to
simultaneous move games and sequential move games. | make sure that the students
understand my discusson d how a standard urregulated monopdi st makes his deasion
regarding price and ouput. Since my subsequent discusson d oligopdy modelsis
dependent on the students having a goodgrasp onthistopic. Then | use simple games to
highlight the relevant game theoretic concepts sich as best resporses and by thistime |
want my students have an intuiti ve understanding of the Prisoner’ s Dilemma, aswell as
the concepts of Nash Equili brium and badkward induction. It is after these topics that |
introducethe Cournot model. Then | discussthe Stadkleberg model. First | discussthe
standard textbook approach and then | show the students the new method. At which pant
| can extend my leduresto topics that are usually never included in most undergraduate
courses. | talk abou therationale and incentive for deterring entry to perpetuate a
monopdy position which guarantees higher profit. Then | can also talk abou different
sequences of entry into the product market.

Part of the reason for introducing isaues of entry deterrence was motivated by the

way we teach ou students about monopdi sts. Most of the monopdi es that we can
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immediately think o are usualy regulated “natural monopdies’, with constantly
deaeasing average st, such as pubic utiliti es. However most microeanamics
textbooks concentrate & grea length on umegulated monopdi es with the “standard” U-
shaped average wst. But when it comes to providing examples of such urregulated
monopdieswe ae & alittl e bit of aloss The examples foundmost often in textbooksis
De Bees, the diamond poducer or ancther producer who hes obtained a monopdy
position die to their halding of a patent.

But it isimportant and instructive to pant out to students that there is yet ancther
reason why afirm may enjoy a monopdy position — kecause it has siccessully
prevented ather firms from entering. But if one introduces that ideathen that
automaticdly necesstates talking about entry and entry-deterrence The model most
often referred to is the Dixit-Spence model where firms hold excesscgpadty to deter
entry. As| pointed ou the &ove, the usual discusson d such modelsis beyondthe grasp
of less ®phsticaed students and are therefore left out of most ledures. My model has
the advantage that | can incorporate questions of entry deterrence and the Dixit-Spence
model in asimple yet intuiti ve way.

| can also extend my discussonto dfferent modes of entry into the product
market. Thisisatopic that is reserved for graduate murses. Consider a game with two
firmswho apply for a patent and entry into the product market is dependent on when the
firms get the patent. Depending on when the patent is granted entry into the product
market could be simultaneous or sequential. SeeAoki and Prusa (1997 and Chaudhui
(2000 for representative models. Normally atopic like thiswould be completely beyond

the scope of an undergraduate ledure, but using my simple model the topic can be
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handled and explained to students withou alot of compli cated algebra. Moreover my
model can accommodate more than two firms and a variety of entry sequencesinto the
product market — sequential and simultaneous as | show in Sedion 3.2.

Thus the smple model | developto provide an alternative explanation d the
Stackelberg model serves alarge purpase in enabling me to tackle anumber of topics,
such as entry sequence and entry deterrence, which would normally be far beyondthe
scope of an urdergraduate course. Moreover being very simple, the model has the added

advantage of appealing to students who may not be mathematically sophsticated.
Section 5: Conclusion

In this paper | have provided asimple dgebraic framework for teaching the
Stadckelberg model where firms move sequentially instead of simultaneously. This
framework provides a diff erent way of thinking about the Stackelberg model. The
framework can be extended to undertake adiscusson d various modes of entry.
Moreover the model has the alded advantage that it takes topics which can be technically
sophisticaed and provides an intuitive and computationally simple way of deding with
them. This makes the topics much more gopeding to students who may not have astrong
badkgroundin calculus and hencethe framework has the potential of improving

undergraduate instructionin the aea
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